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Bayesian inference: parameter estimation

Bayes’ theorem

likelihood prior
[P1o.m) ][ P m) ]
P61y, M) =
posterior P(y M)

evidence
for parameters #, model M and observed data y.
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Bayesian inference: model selection

For model selection, consider the posterior model probabilities:

P(My]y) P(M,) P(y| M)

= X .

P(M2|y) P(M2) P(y [ M2)

posterior odds prior odds Bayes factor
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Bayesian inference: model selection

For model selection, consider the posterior model probabilities:
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P(M2]y) P(M,) P(y| M)

posterior odds prior odds Bayes factor

Must compute the Bayesian evidence or marginal likelihood given by the normalising
constant

z=P(y|M) = / 9 £(0) 7(6)
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Original harmonic mean estimator

Harmonic mean relationship (Newton & Raftery 1994)
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Original harmonic mean estimator

Harmonic mean relationship (Newton & Raftery 1994)
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Original harmonic mean estimator

Harmonic mean relationship (Newton & Raftery 1994)
1
P(O
/ 70) @1y)
1
L(0)

ge)
/9
Zz

p:EP(Q\y

Jason McEwen 3


http://www.jasonmcewen.org

Original harmonic mean estimator

Harmonic mean relationship (Newton & Raftery 1994)
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Original harmonic mean estimator (Newton & Raftery 1994)
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Original harmonic mean estimator

Harmonic mean relationship (Newton & Raftery 1994)
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Original harmonic mean estimator (Newton & Raftery 1994)
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Very simple approach but (Neal 1994).
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Importance sampling interpretation of harmonic mean estimator

Alternative interpretation of harmonic mean relationship:

B 1 ] 7(0)
p_/deﬁp(e\y)_gf 055 B5PO1Y).
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Importance sampling interpretation of harmonic mean estimator

Alternative interpretation of harmonic mean relationship:

importance sampling

T 0)
| 5Py
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Importance sampling interpretation of harmonic mean estimator

Alternative interpretation of harmonic mean relationship:

importance sampling

T 0)
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Importance sampling interpretation:

- Importance sampling target distribution is prior ().
- Importance sampling density is posterior P(6 |y).
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Importance sampling interpretation of harmonic mean estimator

Alternative interpretation of harmonic mean relationship:

importance sampling

T 0)
/ W@y e

o= [ wzPOI =3

Importance sampling interpretation:

- Importance sampling target distribution is prior ().
- Importance sampling density is posterior P(6 |y).

For importance sampling, want sampling density to have fatter tails than target.
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Importance sampling interpretation of harmonic mean estimator

Alternative interpretation of harmonic mean relationship:

importance sampling

T 0)
/ W@y e

o= [ wzPOI =3

Importance sampling interpretation:

- Importance sampling target distribution is prior ().
- Importance sampling density is posterior P(6 |y).

For importance sampling, want sampling density to have fatter tails than target.

when importance sampling density is posterior and target is the prior.
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Re-targeted harmonic mean estimator

Introduce an arbitrary importance sampling target ¢(6) (which must be normalised).

Re-targeted harmonic mean relationship (Gelfand & Dey 1994)

P =Ep@gy) £(§§?(0)]
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Re-targeted harmonic mean estimator

Introduce an arbitrary importance sampling target ¢(6) (which must be normalised).
Re-targeted harmonic mean relationship (Gelfand & Dey 1994)
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Re-targeted harmonic mean estimator

Introduce an arbitrary importance sampling target ¢(6) (which must be normalised).
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Re-targeted harmonic mean estimator

Introduce an arbitrary importance sampling target ¢(6) (which must be normalised).

Re-targeted harmonic mean relationship (Gelfand & Dey 1994)
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Re-targeted harmonic mean estimator (Gelfand & Dey 1994)
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Re-targeted harmonic mean estimator

Importance sampling interpretation:

o) 1[0
p= [ gl =3 [ WGPe1).

Jason McEwen 6


http://www.jasonmcewen.org

Re-targeted harmonic mean estimator

Importance sampling interpretation:

o) 1[0
p= [ gl =3 [ WGPe1).

Ensure importance sampling target ¢(0) does not have fatter tails than posterior P(6|y)
(importance sampling density).
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Re-targeted harmonic mean estimator
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How set importance sampling target distribution (6)?

Variety of cases been considered:

- Multi-variate Gaussian (e.g. Chib 1995)
- Indicator functions (e.g. Robert & Wraith 2009, van Haasteren 2009)
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How set importance sampling target distribution (6)?

Variety of cases been considered:

- Multi-variate Gaussian (e.g. Chib 1995)
- Indicator functions (e.g. Robert & Wraith 2009, van Haasteren 2009)

Optimal target:

L(0)x(6)

optimal _
@ (6) .

(resulting estimator has zero variance).
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How set importance sampling target distribution (6)?

Variety of cases been considered:

- Multi-variate Gaussian (e.g. Chib 1995)
- Indicator functions (e.g. Robert & Wraith 2009, van Haasteren 2009)

Optimal target:

L(0)x(6)

optimal _
@ (6) .

(resulting estimator has zero variance).

But clearly not feasible since requires knowledge of the evidence z (recall the target must
be normalised) —
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Learnt harmonic mean estimator

Propose the (McEwen et al. 2021; arxiv:2111.12720).

Learn an approximation of the optimal target distribution:

M

(‘0(9) :L' (poptimal(e) _ M

z
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Learnt harmonic mean estimator

Propose the (McEwen et al. 2021; arxiv:2111.12720).

Learn an approximation of the optimal target distribution:

M

(‘0(9) :L' (poptimal(e) _ M

z

- Approximation not required to be highly accurate.

- Must not have fatter tails than posterior.
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Learning the target distribution

Fit model by minimising variance of resulting estimator, while ensuring unbiased, with
possible regularisation.

Solve by bespoke mini-batch stochastic gradient descent.

Develop strategy to estimate the variance of the estimator, its variance, and other sanity
checks.

Cross-validation to select machine learning model and hyperparameters.
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Normal-Gamma example

Pathological example (Friel & Wyse 2012) where original harmonic mean estimator fails.
Data model: Prior model:

Vi~ N(,LL,TA) Mean: p ~ N(uo,(ToT)q)
Precision: T ~ Ga(ao, bo)

22 70

Aq bo
Normh/ \léamma

Normal

Jason McEwen Hierarchical Bayesian model of Normal-Gamma example. 10
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Normal-Gamma example

Analytic evidence:

o)

1< _
Thn=To+N, Gn=ag+n/2, bn=b0+52(y,~—y)2+

i=1

where

7on(Y — o)
2(’1’0 + n)
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Normal-Gamma example
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Comparison of marginal likelihood values computed to truth for varying prior.
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Normal-Gamma example

Marginal likelihood values for Normal-Gamma example with varying prior.

Prior size (7o) 10~ 1073 1072 107" 10°

Analytic log(z) -144.5530 -143.4017 -142.2505 -141.0999 -139.9552
Estimated |og(2) -144.5545 -143.3990 -142.2490 -141.1001 -139.9558
Error -0.0015 0.0027 0.0015 -0.0011 -0.0006

(learnt harmonic mean)

Error 12.2100 = 9.7900 8.5000 7.1000

(original harmonic mean)
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Harmonic code

AN Harmonic

HARMONIC,

harmonic is an open source, well tested and documented Python implementation of the learnt harmonic
mean estimator (McEwen et al. 2021) to compute the marginal likelihood (Bayesian evidence), required for
Bayesian model selection.

Github: https://github.com/astro-informatics/harmonic

Docs: https://astro-informatics.github.io/harmonic

(Seamless integration with emcee.)
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1. Learnt harmonic mean estimator is agnostic to sampling strategy.
2. Get model evidence (marginal likelihood) almost for free.

3. Professional code that's easy to use!

g8 arxiv:211112720; Ogithub.com/astro—informatics/harmonic
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