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1 INTRODUCTION

ABSTRACT

A directional sphericalwavelet analysisis performedto examine the Gaussianityof the
Wilkinson Microwave Anisotropy Probe(WMAP) 1-yeardata.Suchananalysids facilitated
by the introductionof a fastdirectionalcontinuoussphericalwavelet transform.The direc-
tional natureof the analysisallows oneto probeorientatedstructurein the data.Signi cant
deviations from Gaussianityare detectedin the skawnessand kurtosisof sphericalellipti-
cal Mexicanhatandreal Morlet waveletcoe cientsfor boththe WMAP andTegmarketal.
(2003)foreground-remged maps.The previous non-Gaussianityletectionmadeby Vielva
etal. (2003)usingthe sphericalsymmetricMexican hatwaveletis con rmed, althoughtheir
detectionat the 99.9%signi cancelevel is only madeat the 95.3%signi cancelevel using
our mostconserative statisticaltest. Furthermoredeviationsfrom Gaussianityin the skew-
nessof sphericakealMorlet waveletcoe cientsonawaveletscaleof 550° (correspondingo
ane ectiveglobalsizeonthesky of 26 andaninternalsizeof 3 ) atanazimuthalorien-
tationof 72 , aremadeat the 98.3%signi cancelevel, usingthe sameconserative method.
Thewaveletanalysisnherentlyallows oneto localiseon the sky thoseregionsthatintroduce
skewnessandthosethatintroducekurtosis.Preliminarynoiseanalysisndicateshatthesede-
tecteddeviationregionsarenot atypicalandhave averagenoisedispersionFurtheranalysiss
requiredto ascertairwhetherthesedetectedegionscorrespondo secondaryr instrumental
e ects,or whetherin factthe non-Gaussianitgetecteds dueto intrinsic primordial uctua-
tionsin the cosmicmicrowave background.

Keywords: cosmicmicrowvave background- methodsdataanalysis—- methodsnumerical

componentsnthesky, in particularto determinéf they correspond
to secondarye ectsor systematicsThe ability to probedi erent

A rangeof primordial processesnay imprint signatureson the
temperature uctuations of the cosmic microvave background
(CMB). The currently favoured cosmologicalmodelis basedon
theassumptiorof initial uctuations generatedy in ation. In the
simplestin ationary models,theseresult in Gaussiantempera-
ture anisotropiesn the CMB. Non-standardn ationary models
andvariouscosmicdefectscenariosould, howvever, leadto non-
Gaussiarprimordial CMB uctuations. Non-Gaussianitynay also
beintroducedby secondane ects,suchasthe reionisationof the
Universe,the integratedSachs-Vilfe e ect, the Rees-Sciamaf-
fect, the Suryaer-Zel'dovich e ectand gravitational lensing+ in
additionto measuremergystematic®r foregroundcontamination.
Consequentlyprobing the microwave sky for non-Gaussianitys
of considerablénterest,providing evidencefor competingscenar
ios of theearlyUniverseandalsohighlightingimportantsecondary
source®f non-Gaussianitandsystematics.

Ideally, onewould like to localiseary detectechon-Gaussian
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scalesis alsoimportantto ensurenon-Gaussiarsourcespresent
only on certainscalesarenot concealedy the predominantGaus-
sianity of otherscalesWavelettechniquesarethusa perfectcan-

didatefor CMB non-Gaussianitgnalysis sincethey provide both

scaleandspatiallocalisation.In addition,directionalwaveletsmay

provide furtherinformationon orientatedstructurein the CMB.

Waveletshave alreadybeenusedto analysehe Gaussianityf
the CMB. For example,Hobsonetal. (1999)andBarreiro& Hob-
son(2001)investigatedhe useof planarwaveletsin detectingand
characterisingnon-Gaussianityn patchesof the CMB sky. This
approachwas usedby Mukherjeeetal. (2000) to analyseplanar
facesof the 4-yearCosmicBackgroundexploreeDi erentialMi-
crovave Radiomete(COBE-DMR) datain the QuadCubepixeli-
sation,shaving that the datais consistentwith Gaussianity(cor
rectingan earlierclaim of non-Gaussianitypy Pandoetal. 1998).
To considerafull sky CMB mapproperly however, waveletanal-
ysis must be extendedto sphericalgeometry A sphericalHaar
wavelet analysisof the COBE-DMR datawas performedby Bar
reiro etal. (2000),but no evidenceof non-Gaussianityvasfound.
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Employing the approachdescribedby Antoine & Vandegheynst
(1998)for performingcontinuouswavelettransformson a sphere,
Cayonetal. (2001)usedtheisotropicMexicanhatwaveletto anal-
ysethe COBE-DMR maps;again,no signi®cantdeviations from
GaussianitywveredetectedMartinez-Gonalezetal. (2002)subse-
quentlycomparedhe performancef sphericaHaarandMexican
hatwaveletsfor non-Gaussianitgetectionandfoundthe Mexican
hatwaveletto be superior

Since the releaseof the Wilkinson Microwave Anisotropy
Probe(WMAP) 1-yeardata,a wide rangeof Gaussianityanaly-
seshave beenperformedcalculatingmeasuresuchasthe bispec-
trumandMinkowski functionals(Komatsuet al. 2003;Magueijo&
Medeiros2004;Land& Magueijo2004),thegenus(Colley & Gott
2003; Eriksenetal. 2004),the 3-point correlationfunction (Gaz-
tanaga& Wagg2003), multipole alignmentstatistics(Copi etal.
2004;de Oliveira-Costeaetal. 2004; Slosar& Seljak2004),phase
associationgChiangetal. 2003; Colesetal. 2004), local curva-
ture (Hanseretal. 2004;Cabellaetal. 2004)andhot andcold spot
statistics(Larson& Wandelt2004). Somestatisticsshav consis-
tengy with Gaussianitywhereasthersprovide someevidencefor
a non-Gaussiasignalandor an asymmetrybetweenthe northern
andsoutherrGalactichemisphereOneof thehighestsigni®cance
levels for non-Gaussianityyet reportedwas obtainedby Vielva
etal. (2003)usinga sphericalMexican hat wavelet analysis.This
resulthasbeencon®rmedby Mukherjee& Wang(2004),whoshav
it to berobustto di erentGalacticmasksandassumptionsegard-
ing noise properties.In particular it was found that the kurtosis
of the wavelet coe cientsin the southernhemisphereat an ap-
proximatesizeonthesky of 10, liesjustoutsidethe3 Gaussian
con®dencdevel.

Previouswaveletanalyse®f the CMB have beenrestrictedo
rotationallysymmetricwavelets.A directionalanalysison the full
sky haspreviously beenprohibited by the computationainfeasi-
bility of ary implementationln this papey by applyinga fastdi-
rectionalcontinuoussphericalwavelettransform(CSWT), we ex-
tend non-Gaussianitynalysisto examinedirectionalstructurein
the CMB.

The remainderof this paperis structuredasfollows. The di-
rectional CSWT andthe constructionof new directionalspherical
waveletsis presentedn Section2. In Section3 the procedureol-
lowed to analysethe WMAP 1-yeardatafor non-Gaussianitys
describedResultsandfurther analysisare presentedn Section4.
Concludingremarksaremadein Section5.

2 DIRECTION AL CONTINUOUS SPHERICAL
WAVELET ANALYSIS

To performawaveletanalysiof full sky mapsde®nedontheceles-
tial sphere Euclideanwaveletanalysismustbe extendedto spher
ical geometry We considerthe directional CSWT constructedoy
Antoine & Vandegheynst(1998).This transformwasconstructed
from grouptheoreticprinciples,however we presenhereanequiv-
alent constructionbasedon a few simple operationsand norm-
preservingproperties.

2.1 Transform

A wavelet basisis constructedon the sphereby applying the
sphericalextensionof Euclideanmotionsanddilationsto mother
waveletsde®nedonthespheret analogougo the constructiorof a
Euclideanwaveletbasis.

z
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Figure 1. Stereographiprojectionof the sphereontotheplane.

Thenaturalextensionof Euclideanmotionson the sphereare
rotations.Theseare characterisedby the elementsof the rotation
group SQ(3), which we parameterisén termsof the three Euler
angles(; ; ). Therotationof a square-intgrablefunction f on
the2-spheres? (i.e. f 2 L?(S?)) is de®nedby

R ()= ") 2S0@); @)

where! denotesphericakoordinategi.e.! 2 S?).
Dilationsonthesphereareconstructedy ®rstlifting S to the
planeby a stereographiprojectionfrom the southpole (Figurel),
followed by the usual Euclideandilation in the plane,beforere-
projectingbackonto S2. A sphericaldilation is thusde®nedby

Daf)1)= ()= @ 1) a2R"; @

where! 5 = ( 5; ) andtan( ,=2) = atan( =2). The (a; ) cogycle
termis introducedto presere the 2-normandis de®nedby

4 a2 ]
[(@2 1)cos + (a2+1))2°

A waveletbasison the spheremay now be constructedy ro-
tations and dilations of an admissiblé mother sphericalwavelet
2 L%(S?) (describedfurther in Section2.2). The correspond-
ingwaveletfamilyf , R D,; 2 SQ(3); a2 R*gprovidesan
over-completesetof functionsin L?(S?). The CSWTof s 2 L?(S?)
is given by the projectiononto eachwavelet basisfunctionin the
usualmanney .

W ;5 )= SZ(R;;

(& )=

a)(1)stt)d(); ®)

wherethe denotesomple conjugatiorandd (! ) =sin()d d
is the usualrotationallyinvariantmeasuren the sphere.

The transformis generalin the sensethat all orientationsin
therotationgroup SQ(3) areconsideredthusdirectionalstructure
is naturallyincorporatedit is importantto note,however, thatonly
local directionsmale ary senseon S2. Thereis no global way of
de®ningdirectionson the spheré+ therewill alwaysbe somesin-
gularpointwherethe de®nitionfails.

A full directionalwavelet analysison the spherehas previ-
ouslybeenprohibitedby the computationainfeasibility of ary im-
plementationWe rectify this problemby presentinga fast algo-
rithm in AppendixA to performthedirectional CSWT.

1 candidatemotherwaveletsmustalsosatisfycertainadmissibilitycriteria
to qualify asa sphericaavelet(seeAntoineetal. 2002for a de nition of
the strict admissibility criterion and the more practical,necessaryut not
Su cient,zeromeancriterion).

2 Thereis nodi erentiablevector eld of constannormon the sphereand
henceno globalway of de ning directions.
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2.2 Mother spherical wavelets

The wavelet basis previously describedis constructedfrom ro-
tations and dilations of an admissiblemother sphericalwavelet.
Mothersphericawaveletsaresimply constructedby projectingad-
missible Euclideanplanarwaveletsonto the sphereby an inverse
stereographiprojection,

2
1+coq)

wherer = 2tan( =2). The modulatingtermis againintroducedto
presere the2-norm.

Directionalsphericalvaveletsmaybenaturallyconstructedn
thissettingt they aresimplytheprojectionof directionalEuclidean
planarwaveletsonto the sphere Two directionalplanarEuclidean
motherwaveletsare de®nedin the following subsectionsthe el-
liptical Mexican hatandreal Morlet wavelets.The corresponding
sphericalwavelets are illustrated in Figure 2. The Mexican hat
wavelet and the real Morlet wavelet, chosenfor its sensitvity to
scanningartifacts,aresubsequentlgppliedto thedetectiorof non-
Gaussianityn the WMAP 1-yeardata.

2(; )= " r);) re(f; )5 4

2.2.1 Elliptical Mexicanhat wavelet

We proposea directional extension of the usual Mexican hat
wavelet. Theelliptical Mexicanhat waveletis de®nedasthe nega-

tive of the Laplacianof anelliptical 2-dimensionaGaussian,
!

1 X2
e (6Y: y)=2 5 <ty (=2 f)z
X Y X Y. y— X
) y2!#
1 x
&xp 5 St (5)
X y

which reducego the usualsymmetricMexican hatwaveletfor the
specialcasewhere , = . Theelliptical Mexican hatwaveletis
invariantunderinteger azimuthalrotationsof , thusthe rotation
angle is alwaysquotedin therange[O; ).

We de®netheeccentricityof anelliptical Mexicanhatwavelet
asthe eccentricityof the ellipse de®nedby the ®rst zero-crossing,
givenby

S$—m

= 1 - : (6)

Elliptical Mexicanhatwaveletsaresubsequentlparameterisetly

their eccentricity;theﬁtandardja/iation in eachdirectionis setby
y=1and = , 1 2 Elliptical Mexican hatwaveletsare

illustratedin Figure 2 (a) and (b) for eccentricities = 0:00 and
= 0:95respectiely.

We de®nethe e ective size on the sky of a sphericalellip-
tical Mexican hat wavelet for a particulardilation asthe angular
separatiorbetweerthe®rst zero-crossingsn the majoraxis of the
ellipse,givenby

!
Mex(@) = 4tan * -pa% 2p§a: (7)

2.2.2 RealMorletwavelet
TherealMorlet waveletis de®nedby
" ]

kxkz!#_

Mor ik x
5 ; (8)

Rz (X; K) = Re exp —pz— ex
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wherek is the wave vectorof the wavelet (henceforthwe consider
only wave vectorsof the form k = (k;;0)"). We have scaledthe
usualde®nition of the real Morlet waveletto achie/e size consis-
teng/ with the elliptical Mexican hat wavelet. The real Morlet
sphericalwaveletis alsoinvariantunderintegerazimuthalrotations
of , thustherotationangle isalwaysquotedin thedomain[O; ).
TherealMorlet wavelethastwo orthogonakcalespnede®n-
ing the overall size of the wavelet andthe otherde®ningthe size
of its internalstructure The overall e ective sizeonthesky of the
sphericalreal Morlet waveletis de®nedasthe angularseparation
betweernoppositee ! roll-o  pointsof the exponentialdecayfac-

tor, andis givenby
]
! D_
Yeor(a) = 4tan* % 2 2a: 9)

Notice thatfor a givendilation a, the sphericalelliptical Mexican
hat and real Morlet waveletshave an equivalentoverall e ective
sizeonthesky. Thee ective sizeon the sky of theinternalstruc-
ture of thereal Morlet waveletis de®nedasthe angularseparation
betweerthe ®rst zero-crossing thedirectionof the wave vector
k, andis givenby

o
Mor(@) = 4tant —

a .
x K (10)

3 NON-GAUSSIANITY ANALYSIS

Sphericalwavelet analysisis appliedto probethe WMAP 1-year
datafor possibledeviationsfrom GaussianityWe follow a similar
stratgy to Vielva etal. (2003),however we extendthe analysisto
directionalsphericalwaveletsto probeorientatedstructurein the
CMB.

3.1 Datapreprocessing

We considerthe samedata set analysedby both Komatsuetal.
(2003) and Vielva etal. (2003) in their non-Gaussianitystudies.
The obsered WMAP mapsfor which the CMB is the domi-
nantsignal (two Q-bandmapsat 40.7GHz,two V-bandmapsat
60.8GHz and four W-band mapsat 93.5GHz) are combinedto
give a singlesignal-to-noiseaatio enhancednap. Thesemaps,to-
gethernwith recever noiseandbeampropertiesareavailablefrom
the Legag/ Archive for Microwave BackgroundData Analysis
(LAMBDA) websité. The mapsare provided in the HEALPix*
(Gorskietal. 1999)formatat aresolutionof Ngjge = 512 (the num-
ber of pixelsin a HEALPix mapis given by 12Ngig?2). The data
processingipelinespeci®edyy Komatsuet al. (2003)is appliedto
produceasingleco-addednapfor analysis.The co-addedemper
atureatagivenpositiononthesky ! is givenby

P 10
T()= r—ﬁ‘ﬁr(! )T () ; (11)

r=3 Wr(! )

whereT (! ) isaCMB temperaturenapandther index corresponds
to the Q-, V- andW-bandreceversrespectiely (indicesr = 1;2
correspondo the K andKa recever bandsthatareexcludedfrom
theanalysis) Thenoiseweightsw; (! ) arede®nedby

Ne() .
02’

T

wi (') = (12)

3 http7//cmbdata.gsfc.nasago
4 http7//www.eso.og/sciencéhealpk/
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(a) Mexicanhat = 0:00

(b) Mexicanhat = 0:95

fif

(c) RealMorlet k = (10,0)"

Figure 2. Sphericalavelets(dilationa = 75, sizeonsky ; = 2100, , = 23¢)).

whereN; (! ) speci®eghe numberof obserationsat eachpointon
thesky for eachrecever bandand o, is therecever noisedisper
sion.

Foregroundcleanedsky maps,wherethe Galacticforeground
signal(consistingof synchrotronfree-free anddustemission)as
beenremoved, aredirectly available from the LAMBD A website.
The Galacticforegroundsignalis removed by using the 3-band
5-parameteitemplate®tting method describedby Bennettetal.
(2003).We usetheseforegroundcleanedmapsin our analysis.

An independenfioregroundanalysisof the WMAP datais per
formedby Tegmarketal. (2003). The Tegmarketal. mapis also
constructedrom a linear summationof obsered WMAP maps,
however the weightsusedvary over both positionon the sky and
scale.We also performour analysison the Tegmarketal. mapto
ensureary detectedleviationsfrom Gaussianityarenot dueto dif-
ferencesn thevariousforegroundremoval techniques.

Following theanalysisof Vielvaet al. (2003)we down-sample
mapresolutiongo Nsiee = 256,sincetheverysmallscalesaredom-
inatedby noise(and alsoto reducecomputationarequirements).
The conserative KpO exclusion mask provided by the WMAP
team(appropriatelydovnsampledo consere point sourceexclu-
sionregionsin the coarsermesolution)is appliedto remove emis-
sionsdueto the Galacticplaneandknown point sourcesThe®nal
preprocessedo-addedmap (hereafterreferredto asthe WMAP
team map, or simply WMAP map) and the map producedby
Tegmarketal. (2003) (hereaftereferredto asthe Tegmark map)
areillustratedin Figure3.

3.2 Monte Carlo simulations

Monte Carlo simulationsare performedto constructcon®dence
boundson the teststatisticsusedto probefor non-Gaussianityn
the WMAP 1-yeardata.1000GaussiarCMB realisationsare pro-
ducedfrom the theoreticalpower spectrum®tted by the WMAP
team®

To simulatethe WMAP observingstratgly each Gaussian
CMB realisationis convolved with the beamtransferfunction of
eachof the Q-, V- ?)nd W-bandrecevers. White noise of disper
sion ((!) = o= N(!) is addedto eachband.The resultant
simulatedQ-, V- andW-bandmapsarecombinedn thesameman-
nerusedto constructheco-addednap,beforedown-samplingand
applyingtheKp0 mask to give a®nal simulatedGaussiarto-added
mapfor analysis.

5 The theoreticalpover spectrumusedis basedon a LambdaCold Dark
Matter (  CDM) modelusinga power law for the primordial spectralin-
dex whichbest ts the WMAP, CosmicBackgroundmager(CBI) andAr-
cminuteCosmologyBolometerArray Recever (ACBAR) CMB data,and
is alsodirectly availablefrom the LAMBD A website.

The sameGaussiansimulationsare also usedfor compari-
sonwith the Tegmark map. Sincethe weightsusedto construct
the Tegmarkmapdi er from thoseusedto constructthe WMAP
teammap, one shouldstrictly producea secondset of Gaussian
simulationsfollowing the Tegmarkmapconstructionrmethod.The
weightsfor the Tegmarkmap vary asa function of angularscale,
andunfortunatelyare not quotedexplicitly. Neverthelessfor both
the WMAP and Tegmarkmaps,the weightssumto unity andthe
di erencen thelinearcombinatiorof mapsusedby Tegmarketal.
(2003)shouldnot leadto signi®cantchangesn the Gaussiarcon-
®denceimits ascomparedvith thoseobtainedusingthe Gaussian
simulationgproducedo modelthe WMAP map.

3.3 Waveletanalysis

The CSWTis alinear operation;hencethe waveletcoe cientsof
a Gaussiamapwill alsofollow a Gaussiardistribution. Onemay
thereforeprobea full sky CMB map for non-Gaussianitgimply
by looking for deviations from Gaussianityin the distribution of
thesphericalwaveletcoe cients.

The analysisconsistsof ®rst takingthe CSWT at a rangeof
scalesand, for directionalwaveletson the sphere,a rangeof
directions.Thescalesve consider(andthecorresponding@ ective
sizeonthe sky for boththe Mexican hatandreal Morlet wavelets)
areshowvn in Table 1. For directionalwaveletswe consider®ve
evenly spaced orientationsn thedomain[O; ).

Thosewaveletcoe cientsdistortedby the applicationof the
KpO mask are removed, as subsequentlydescribed,before test
statisticsare calculatedfrom the wavelet coe cients.An identi-
cal analysigs performedon eachMonte Carlo CMB simulationin
orderto construcigni®cancemeasuresor theteststatistics.

3.3.1 Coe cientexclusionmasks

Theapplicationof the Kp0 exclusionmaskdistortscoe cientscor
respondindo waveletsthatoverlapwith themaskexclusionregion.
Thesecontaminateavaveletcoe cientsmustberemovedfromary
subsequenhon-Gaussianityanalysis.An extendedcoe cient ex-
clusionmaskis requiredto remove all contaminatedvavelet coef-
®cients.

On small scalesmasled point sourcesintroduce signi®cant
distortionin waveletcoe cientmapsandshouldnotbeneglected.
Onlargerscalegshemasked Galacticplaneintroduceghemostsig-
ni®cant distortion, as point sourcedistortionsare averagedover
a large wavelet support.Our constructionof an extendedcoe -
cientmaskinherentlyaccountdor the dominanttype of distortion
on a particularscale.Firstly, the CSWT of the original KpO mask
is taken. Admissiblesphericalwaveletshave zeromean(Antoine
etal. 2002),hencethe only non-zerowaveletcoe cientsarethose
thataredistortedby themaskboundaryThesealistortedcoe cients

¢ 2004RAS, MNRAS 000, 1-13
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Figure 3. Preprocesse@MAP mapsconsideredn thenon-Gaussianitgnalysis.

Table 1. Waveletscalesonsideredn the non-Gaussianitanalysis The overall sizeonthesky 1 for agivenscalearethe same
for boththe Mexican hatandreal Morlet wavelets.The sizeon the sky of the internalstructureof thereal Morlet wavelet » is

alsoquoted.
Scale 1 2 3 4 5 6 7 8 9 10 11 12
Dilation a 5¢° 100 15 200 250 300 350 400 45 50 550  60Q°
Sizeonsky 1 141° 28X 424 568 706 847 988 113@ 1270 1410 1550 1690
Sizeonsky » 1572 314 47.° 628 788 942 110 1280 141° 15”2 179 189

maybeeasilydetectedandthecoe cientexclusionmaskextended
accordinglyCoe cientexclusionmasksareillustratedin Figure4
for the Mexicanhat = 0:00 wavelet for a rangeof scalesand
in Figure5 for thereal Morlet waveletfor a given scale(the scale
thata signi®cantnon-Gaussianitgletectionis subsequentlynade)
anda rangeof orientations As scaleincreaseshe dominantform
of distortionmay be seenin Figure4 to shift from point sourceto
Galacticplane.

Vielva etal. (2003) constructan extendedcoe cient mask
simply by extendingthe Galacticplaneregion of the KpO mask
by 2:5a (the point sourcecomponent®f the original maskarenot
extended) Severalotherde®nitionsfor coe cientexclusionmasks
areanalysedn detailby Mukherjee& Wang(2004),noneof which
altertheresultsof subsequenton-Gaussianitanalysis Although
it is importantto accountcorrectly for the distortionsintroduced
by the Kp0 mask,the resultsof Gaussianityanalysisappeatto be
relatively insensitie to the particularmaskchosen.

3.3.2 Teststatistics

Thethird (skewness)yandfourth (kurtosisymomentsaboutthemean
areconsideredo testsphericalwaveletcoe cientsfor deviations
from GaussianityTheseestimatorsiescribethe degreeof symme-
try andthe degreeof pealkednessn the underlyingdistribution re-
spectvely. Skewnessis de®nedby

1 X

. .y 3
e W) @)

L @)

(13)
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andexcesskurtosishy

o1 %* wWa) @)
@)=% - “a )

where is the meanand the dispersionof the wavelet coe -
cients.Thei index rangeoverall waveletcoe cientsnotexcluded
by the coe cientexclusionmaskandindexesboth and com-
ponents.The numberof sphericalwaveletcoe cientsretainedin
the analysisafterthe applicationof the coe cientexclusionmask
is givenby Ne .

Skewnessand excesskurtosisfor a Gaussiardistribution are
both zero.We look for deviationsfrom zeroin theseteststatistics
to indicatethe existenceof non-Gaussianityn the distribution of
sphericaaveletcoe cients,andhencealsoin the corresponding
CMB map.

3; (14)

4 RESULTS

To probefor non-Gaussianityn the WMAP 1-yeardata,the anal-
ysis proceduredescribedin Section3 is performedon both the
WMAP teamand Tegmarkmaps.The threesphericalwaveletsil-
lustratedin Figure?2 are considerednamelythe symmetricMex-
icanhat = 0:00 wavelet, the elliptical Mexicanhat = 0:95
waveletandtherealMorlet k = (10;0)" wavelet. The Mexicanhat

= 0:00 casehaspreviously beenanalyseddy Vielvaetal. (2003)
(althoughsomescalesconsideredli er), therebyproviding a con-
sisteny checkfor theanalysis.

4.1 Waveletcoe cient statistics

For a given wavelet, the skewness and kurtosis of wavelet
coe cientsis calculatedfor each scale and orientation. These
statistics are displayedin Figure 6, with con®denceintervals
constructedfrom the Monte Carlo simulationsalso shavn. For
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(a) ap = 50° (b) az = 100° (c) ag = 150
(d) a4 = 200 (e) as = 250 () ag = 300

(9) a7 = 350

(h) ag = 400

(i) ag = 450

(j) a0 = 500

(k) a1 = 550°

() a2 = 600P

Figure 4. SymmetricMexicanhat = 0:00 waveletcoe cientexclusionmasksfor eachscale.

d) =216

(€ =144

(e) =288

Figure 5. RealMorlet waveletcoe cientexclusionmasksatscalea;; = 550 for eachorientation.

directional wavelets, only the orientationscorrespondingo the
maximumdeviationsfrom Gaussianityareshawvn.

Our coe cientexclusionmaskdi ersslightly from that ap-
plied by Vielva etal. (2003), thus for comparisonpurposeswe
also performthe Mexican hat = 0:00 analysiswithout apply-
ing ary extendedcoe cientmask,asVielva etal. (2003)alsodo
initially. Theseresults,althoughnotshavn, corresponddentically
By applyingdi erentcoe cientmasksheshapeof theplotsdi er
slightly, neverthelesghe ®ndingsdravn remainthe same.Devia-
tions from Gaussianityare detectedn the kurtosisoutsideof the

99%con®denceegion constructedrom Monte-Carlosimulations,

onscalesas = 250 andag = 30C. Furthermorea deviation out-
sidethe 99% con®denceegion is detectedn theskewnessatscale
a, = 100. Vielvaetal. (2003)measure similar skewnessvalueat

this scale althoughthis lies directly on the boundaryof their 99%
con®denceegion.

Deviationsfrom Gaussianityare also detectedn both skew-
nessandkurtosisusingtheelliptical Mexicanhat = 0:95wavelet.
In eachcasethe obsered deviations occur on a slightly larger
scalethanthosefound usingthe symmetricMexicanhat = 0:00
wavelet. This behaiour also appeardypical for simulatedGaus-
sianmaprealisationsAdjacentorientationsexhibit similar results,
althoughnotat suchlarge con®dencdevels (but still outsideof the
99% con®dencdevel).

An extremely signi®cantdeviation from Gaussianityis ob-
sened in the skawnessof the real Morlet wavelet coe cientsat
scalea;; = 550 andorientation = 72 . The kurtosismeasure-
mentonthe samescaleandorientationalsolies outsideof the 99%
con®denceegion.
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Figure 6. Sphericalwavelet coe cient statisticsfor eachwavelet. Con denceregions obtainedfrom 1000 Monte Carlo simulationsare shovn for 68%
(red),95% (orange)and99% (yellow) levels, asis the mean(solid white line). Only the orientationscorrespondingo the mostsigni cant deviationsfrom
Gaussianityareshavn for theMexicanhat = 0:95andreal Morlet waveletcases.

4.2 Statistical signi cance of detections

We now consideiin moredetail themostsigni®cantdeviationfrom
Gaussianityobtainedin eachof the panelsin Figure6. In particu-
lar, we examinethedistribution of eachstatistic,obtainedrom the
GaussiarMonte Carlo simulations,andalsoperforma 2 testfor
eachstatistic.Signi®cancemeasuresf the non-Gaussianitgetec-
tionsmaythenbe constructedrom eachtest.

Figure7 shaws histogramsonstructedrom the Monte Carlo
simulationsfor thoseteststatisticscorrespondindo the mostsig-
ni®cant deviations from Gaussianity The measuredstatistic for
both the WMAP teamand Tegmark mapsis alsoshavn on each
plot, with the numberof standardleviationstheseobserationsde-
viate from the mean.In particular we note the large deviations
shawvn in panel(c), correspondingo 5:61 and 6:42 standardde-
viations for the real Morlet wavelet analysisof the WMAP and
Tegmarkmapsrespecitiely.

Having determinedseparatelythe con®dencelevel of the
largestnon-Gaussianitgetectionn eachpanelof Figure6, we now
considerthe statisticalsigni®canceof our resultsfor eachwavelet
asawhole.Treatingeachwaveletseparatelywe searchthroughthe
Gaussiarsimulationsto determinethe numberof mapsthat have
anequialentor greaterdeviationin any of theteststatisticscalcu-
latedfrom thatmapusingthe given wavelet. Thatis, if arny skew-
nessor kurtosisstatistié calculatedfrom the Gaussiarmap+ on
ary scaleor orientationt deviatesmorethanthe maximumdevi-
ation obsened in the WMAP datafor that wavelet, thenthe map
is agged asexhibiting a moresigni®cantdeviation. Thisis anex-
tremelyconserative meansof constructingsigni®cancdevels for
theobsenredteststatistics Signi®cancdevelscorrespondingo the

6 Although we recognisethe distinction betweenskewnessand kurtosis,
thereis no reasonto partition the setof teststatisticsinto skewnessand
kurtosissubsetsThefull setof teststatisticanustbe considered.
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detectionsconsideredn Figure 7 are calculatedand displayedin
Table 2. Notice that althoughseveral individual test statisticsfall
outsideof the 99% con®denceregion, the true signi®cancelevel
of the detectionwhen all statisticsare taken into accountis con-
siderablylower. Usingour conserative test,the signi®canceof the
non-Gaussianitdetectiormadeby Vielvaetal. (2003),previously
quotedat greaterthan99.9%signi®cancedropsto a signi®cance
level of 95.3%. Of particularinterestis the non-Gaussiarmetec-
tion in the skewnessof real Morlet wavelet coe cientson scale
a;; = 550 andorientation = 72 . This statisticdeviatesfrom the
meanby 5:61 standardieviationsfor the WMAP mapandby 6:42
standardleviationsfor the Tegmarkmap.Thedetectionis madeat
anoverall signi®cancdevel of 98.3%.

The precedinganalysisis basedon the maiginal distributions
of individual statisticsandmalkesa posteriorselectiorof thecritical
con®dencdimit from the most discrepantvaluesobtainedfrom
thedata.A ? testprovidesan alternatve analysisand methodof
constructingsigni®cancemeasuresrThis testinsteadconsiderghe
setof teststatisticsfor eachwaveletasa wholeandhenceis based
ontheirjoint distribution. The posteriorstatisticselectionproblem
is thuseliminated,however including a large numberof lessuse-
ful teststatisticshasa pronouncede ect on down-weightingthe
overall signi®canceof thetest. The ? statisticis givenby

Motat Wstat
2= (i

i=1 j=1

DEYC T (15)
where ; gives eachtest statistic. For Gaussiandistributed test
statisticsthis should satisfy a 2 distribution. Although our test
statisticsarenot Gaussiardistributed,onemaystill usethe 2 test
if oneis willing to estimatesigni®cancedevels usingMonte Carlo
simulations.The teststatisticsinclude both skewnessandkurtosis
statisticsfor eachscaleand orientation,hencethereare 24 statis-
tics for thesymmetricMexicanhatanalysisand120for eachof the
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Figure 7. Histogramsf sphericawaveletcoe cientstatisticobtainedrom 1000Monte Carlo simulationsThe meanis shavn by the dashedverticalline.
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obsenationsdeviate from the meanis alsodisplayedon eachplot. Only thosescalesandorientationscorrespondingo the mostsigni cant deviationsfrom

Gaussianityareshavn for eachwavelet.

directionalwavelet analysesThe meanvalue for eachteststatis-
tic ~ andthe covariancematrix C is calculatedirom the Gaussian
simulations. 2 valuesarecalculatedor the WMAP map,andalso
for all simulatedGaussiarrealisations.The previously described
approachfor constructingsigni®cancelevels is appliedto the 2
statistics.Figure 8 summariseshe resultsobtained.All spherical
waveletanalysesag deviationsfrom Gaussianityof very high sig-
ni®cancewhen all test statisticsare incorporatedn this manner
In particular the detectionmadeusingthe symmetricMexican hat
waveletoccursat the 99.9%signi®cancdevel andthat madewith
the real Morlet wavelet occursat the 99.3%signi®cancedevel. In
this casethe superiorityof the symmetricMexicanhatwaveletover
thereal Morlet waveletarisessincethe real Morlet waveletanaly-
siscontainsa numberof additionallessusefulstatisticgdueto the
additionalorientations)thatdilute the overall results.

Sincethe ®rst analysisis basedon maginal distributions,as
opposedo thejoint distribution of statisticsprobedby the ? test,
the formeris moreconserative. Thuswe quotethe overall signif-
icanceof all detectionsof non-Gaussianityt the level calculated
by the ®rst method(which, in all casesijs the lower of the values
calculatedby thetwo methods).

4.3 Localiseddeviations from Gaussianity

Wavelet analysis inherently a ords the spatial localisation of
interestingsignalcharacteristicsThe mostpronouncedieviations
from Gaussianityn the WMAP 1-yeardatamaythereforebeloca-
lisedonthesky. In addition,directionalwaveletsalsoallow signal
componentso belocalisedin orientation.

The wavelet coe cients correspondingo the most signi®-

cant non-Gaussiardetectionsfor eachwavelet are displayedin
Figure9, accompaniedy correspondinghresholdednapsto lo-
calisethe most pronouncedieviations from Gaussianity The re-
gionsdisplayedin Figure9 (b) thataredetectedrom the kurtosis
Mexicanhat = 0:00 analysisarein closeaccordancevith those
regions found by Vielva etal. (2003). Additional similarities ap-
pearto exist betweenthe regions detectedfrom di erentthresh-
oldedwavelet coe cientmaps,asapparenin Figure9. To quan-
tify thesesimilarities the cross-correlatiorf all combinationsof
thresholdeccoe cient mapsis computed(the cross-correlatioris
normalisedo lie in therange[ 1;1], whereunity indicatesa fully
correlatedmap). Table 3 shavs the normalisedcross-correlation
valuesobtained Deviation regionsshavn in Figure9 (b) andFig-
ure 9 (d), detectedby the Mexicanhat = 0:00 and = 0:95
waveletsrespectiely, arehighly correlatedinterestingly theseco-
e cientmapsareboth agged by excesskurtosismeasureskur-
thermore the regionsshowvn in Figure 9 (a) andFigure 9 (c), de-
tectedby theMexicanhat = 0:00and = 0:95waveletsrespec-
tively, are moderatelycorrelated Thesecoe cient mapsareboth
agged by excessskewnessmeasuresNo other combinationsof
thresholdedtoe cientmapsexhibit ary signi®cantsimilarities.In
particular thedeviation regionsdetectedy theskewnessrealMor-
let analysis(Figure9 (e)) do not correlatewith ary of theregions
foundusingthe Mexicanhatwavelets.This is expectedsincea dif-
ferentwaveletthatprobesdi erentstructureis applied.The cross-
correlationrelationshipsexhibited herebetweerdetectedieviation
regionsfor theWMAP map,alsoappeatypical of simulatedGaus-
sianmaps.

To investigateheimpactof theseocalisedregionsontheini-
tial non-Gaussianityletection,the correspondingcoe cientsare
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Table 2. Deviation andsigni cance levels of sphericalwaveletcoe cient
statisticcalculatedrom the WMAP map(similarresultsareobtainedising
the Tegmarkmap).Standardieviationsandsigni cant levelsarecalculated
from 1000Monte Carlo Gaussiarsimulations.The table variablesare de-
ned asfollows: thenumberof standardieviationsthe obserationdeviates
fromthemeanis givenby N ; thenumberof simulatedGaussianmapsthat
exhibit anequialentor greaterdeviation in anyteststatisticscalculatedis-
ing thegivenwaveletis givenby Ngge,/; thecorrespondingigni cancelevel
of the non-Gaussianityletectionis given by . Only thosescalesandori-
entationsorrespondingo themostsigni cant deviationsfrom Gaussianity
areshawn for eachwavelet.

(a) Mexicanhat = 0:00

Skewness Kurtosis
(a2=100) (a8 = 300)
N 3:38 3:12
Ndev 28 maps 47 maps
97.2% 95.3%

(b) Mexicanhat = 0:95

Skewness Kurtosis
(a3=150; =72) (ao=500 =108)
N 4:10 3.01
Ndev 39maps 199maps
96.1% 80.1%
(c) RealMorlet k = (10,0)7
Skewness Kurtosis
(a1=550°, =72) (a1=550F =72)
N 5:61 2:66
Ndev 17 maps 642maps
98.3% 35.8%

removed from the calculationof skewnessandkurtosisteststatis-
tics. The non-Gaussiadetectionsare substantiallyreducedor all
of the six mostsigni®cantteststatisticsconsideredn Figure7. For
the statisticsconsideredn Figure7 (c), (d) and(e) the detectionof
non-Gaussianitys completelyeliminated For theremainingcases
consideredn Figure?7 (a), (b) and(f) non-Gaussiadetectionsare
reducedin signi®canceand lie betweenthe 95% and 99% con®-
dencéevels.

Thus,the localiseddeviation regionsidenti®eddo indeedap-
pearto bethe sourceof detectechon-GaussianityMoreover, those
detectedregions shawvn in Figure 9 (a), (c) and (e) appearto
introduceskewnessinto the WMAP map,whereaghosedetected
regionsshavn in Figure9 (b) and(d) appeatto introducekurtosis.

Cruzetal. (2004),in acontinuatiorof thework of Vielvaet al.
(2003),considerocalisedregionsin moredetailand®nd thelarge
cold spotat (b= 57 ; |1 =209) to be the main sourceof non-
Gaussianitydetectedny the symmetricMexican hatwaveletanal-
ysis. A similar analysismay be performedusingthe waveletswe
considerand the associatedocalisedregions, althoughwe leave
thisfor afurtherwork.

4.4 Preliminary noiseanalysis

Naturally onemay wish to considerpossiblesourcesof the non-
GaussianitydetectedWe brie y considetthe deviation regionsde-
tectedto seeif they correspondo regions on the sky that have
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Figure 8. Histogramsof normalised 2 teststatisticsobtainedfrom 1000
Monte Carlo simulations. The normalised 2 value obtainedfrom the
WMAP mapis indicatedby the blue vertical line (similar resultsare ob-
tainedusingthe Tegmarkmap).The numberof simulatedmapsthatexhibit
a greateror equivalent 2 valuethanthe WMAP mapis quoted(Ng), ac-
companiedy the correspondingigni cancelevel (SL).

highernoisedispersiorthantypical. We leave theanalysisof resid-
ual foregroundsor further systematicsor whetherthe featuresde-
tecteddo indeedexist in the CMB, for a furtherwork.

Thenoisedispersiommapfor eachWMAP bandis combined,
accordingo
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(a) Mexicanhat = 0:00;a, = 100°

(b) Mexicanhat = 0:00;ag = 300

(c) Mexicanhat = 0:95;a3 = 150>, =72

(d) Mexicanhat = 0:95; a9 = 500",

=108

(e) RealMorlet k = (16,0)"; a3 = 55¢% =72

Figure9. Sphericalvaveletcoe cientmapg(left) andthresholdednaps(right). Tolocalisemostlikely deviationsfrom Gaussianitpnthesky, thecoe cient
mapsexhibiting strongnon-Gaussianitgrethresholdedothatonly thosecoe cientsabose3 (in absolutevalue)areshavn. Dueto theapparensimilarity
of the WMAP teamandTegmarkmaps,only coe cientsfor theanalysisof the WMAP mapareshavn above.

¥p—s
=3 W) 2(0)
)= —Rp (16)

to producea singlenoisedispersiorsky mapfor the WMAP map,
and equialently for the Gaussiarrealisedmaps.A histogramof
this map,and a KpO masled versionof the map, is illustratedin
Figure 10 to investigatethe noise dispersiondistribution for the
WMAP observingstratgy. Also plottedis the meannoisedisper
sion level in the detecteddeviation regions for eachthresholded
coe cientmapof Figure9. All meannoisedispersiorievelsof de-
viation regionslie within the centralregion of the full noisedistri-
bution. Furthermorefull noisedispersiorhistogramdor thedevia-

tion regionswerealsoproducedo ensureoutliersdid notexist. No
outlierswereobsened in ary deviation regions. Theseadditional
®ve plotsarenot shavn to avoid clutterandsinceno pertinentad-
ditional ®ndingsmay be dravn from them.lt is thereforeapparent
that the deviation regions detecteddo not correspondo regions
with greatemoisedispersiorthantypical.

5 CONCLUSIONS

A directional sphericalwavelet analysis,facilitated by our fast
CSWT,hasbeenappliedto the WMAP 1-yeardatato probefor de-
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Table 3. Normalisedcross-correlationf thresholdedphericalwaveletco-
e cient mapsindicating the similarity betweenthe localisedmostlikely
deviationsfrom Gaussianity aggedby the mostsigni cant skewnessand
kurtosis obserations for eachwavelet. Notice that the regions detected
from the skewness aggedmapsof the symmetricand elliptical Mexican
hatwaveletsaremoderatelycorrelatedwhile theregionsdetectedrom the
kurtosis aggedmapsof the symmetricandelliptical Mexicanhatwavelets
arestronglycorrelatedTheregions aggedy therealMorlet waveletanal-
ysisarenot correlatedvith ary of the otherregionsdetectecby a Mexican
hatwaveletanalysisasexpectedsinceadi erentwaveletthatprobesdif-
ferentstructureis applied.(Note that the letteredkey correspondgo the
thresholdedoe cientmapscontainedn the panelsof Figure9.)

Thresholdeatoe cientmap (a) (b) (c) (d) (e)

(@) Mexicanhat = 0:00 1.00 0.00 0.46 0.00 0.00
ap = 100

(b) Mexicanhat = 0:00 - 1.00 0.04 0.70 0.00
ag = 300

() Mexicanhat = 0:95 - - 1.00 0.05 0.01
ag=150% =72

(d) Mexicanhat = 0:95 - - - 1.00 0.00
ajo =500 =108

(e) RealMorletk = (16,0)" - - - - 1.00

= 55(?; =72

1.5%10°

10°
T

Number of pixels

sx10*
T

0.02 0.04 0.06 0‘408 0.1 0.12 O.‘M 04‘16 0.18
Noise dispersion o(w)
Figure 10. WMAP sky noisedispersiorhistogramwith themeamoisedis-
persionlevel obtainedin detecteddeviation regionsalsoshavn. The solid
histogranmshavn correspondso thefull sky noisedispersiormap,whereas
the dottedhistogramcorrespondso the KpO masled noisedispersiomrmap.
The dashedvertical lines indicatethe meannoisedispersionlevel in the
detecteddeviation regionsillustratedin Figure9. Noneof the detectedde-
viation regions correspondo noiseof higherdispersionthantypical. The
letteredkey correspondsgo the thresholdedccoe cient mapscontainedin
the panelsof Figure 9: (a) Mexicanhat = 0:00,a; = 100 (b) Mex-
icanhat = 0:00,a5 = 300" (c) Mexicanhat = 0:95,az = 150,
= 72 ; (d) Mexicanhat = 0:95,a;0 = 50(°, = 108 ; (e) RealMorlet
k=007, a3 =550 =72.

viationsfrom GaussianityDirectionalsphericalvaveletsallow one
to probeorientatedstructureinherentin the data.Non-Gaussianity
has beendetectedby a numberof test statisticsfor a range of
wavelets.

We have reproducedthe results obtainedby Vielva etal.
(2003)usingthesymmetricMexicanhat = 0:00 wavelet,thereby
con®rmingtheir®ndings,whilstalsoproviding aconsisteng check
for ouranalysisDeviationsin the skewnessandkurtosisof wavelet
coe cientson scalea, = 100 andas = 300 were detected,
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althoughusing our more conserative testwe make thesedetec-

tions at the 97.2% and 95.3% overall signi®cancelevels respec-
tively (lower thanthe 99.9%signi®cancelevel quotedby Vielva

etal. (2003)for their kurtosisdetection).

Similar detectionsof non-Gaussianityere madeusing the
elliptical Mexicanhat = 0:95wavelet,althoughon slightly larger
scalesln particular a deviation from Gaussianitywasdetectedn
the skawnessof the Mexicanhat = 0:95 waveletcoe cientson
scaleas = 150 andorientation = 72 atthe 96.1%signi®cance
level. Although a detectionwas obsered in the kurtosisoutside
of the 99% con®denceaegion on scalea, = 500 andorientation

= 108, thefull statisticalanalysisof Monte Carlo simulations
gave asigni®canceof only 80.1%for this detection.

The mostinterestingresult, however, is the deviation from
Gaussianitybseredin therealMorlet waveletskewnessmeasure-
menton scalea;; = 550 andorientation = 72 . This wavelet
scalecorrespondso ane ectie sizeonthesky of 26 ( 3 for
theinternalstructureof the real Morlet wavelet),or equivalently a
sphericaharmonicscaleof ™ 7 (  63). Thedetectiondeviates
from themeanof 1000GaussiarMonte Carlo simulationsby 5:61
standardieviationsfor the WMAP mapandby 6:42 standardlevi-
ationsfor the Tegmarkmap.Only 17 of 1000 Gaussiarsimulated
mapsexhibitedadeviationthislargein anyrealMorlet teststatistic,
hencethe detectionis conseratively madeat 98.3%signi®cance.

Signi®cancdevelswerealsocalculatedrom ? testsfor each
sphericalwavelet. This approachavoids the posteriorselectionof
particularstatistics but ratherconsiderghe setof teststatisticsin
aggr@ate.By consideringthe joint distribution of teststatisticsin
thismannetheanalysisesultsmaybedilutedby includingalarge
numberof lesspowerful teststatistics Deviationsfrom Gaussianity
at signi®cancelevels of 99.9% and 99.3% were found using the
symmetridViexicanhatandrealMorlet waveletrespectiely. In this
casethe directionalreal Morlet analysisis more severely a ected
by a larger numberof lessusefulteststatistics,neverthelessoth
deviationsfrom Gaussianityaremadeatvery high signi®canceWe
quotetheoverall signi®cancef our®ndings,howvever, atthelower
signi®cancdevelsfound usingtheprevious mostconserative test.

Deviations from Gaussianitycorrespondingo the mostsig-
ni®cant detectionsfor each wavelet were localised on the sky.
By remaving the coe cientscorrespondindo theseregionsfrom
theinitial analysisall signi®cantnon-Gaussianityletectionsvere
eliminated. Theselocalised regions thereforeappearto be the
sourceof detectednon-GaussianityMoreover, thoseregionsthat
introduceskewnessin the WMAP map may be localised,as may
thoseregionsthatintroducekurtosis.Preliminarynoiseanalysisn-
dicatesthat thesedetecteddeviation regionsdo not correspondo
regionsthathave highernoisedispersiorthantypical. Furtheranal-
ysisis required however, to ascertairwhethertheseregionscorre-
spondto the localisedintroductionof secondarynon-Gaussianity
or systematicspr whetherin factthe non-Gaussianitgletectedn
theWMAP 1-yeardatais dueto intrinsic primordial uctuationsin
the CMB.

An interesting®rst stepin deducingvhetherthenon-Gaussian
signaldiscoveredis of cosmologicalbrigin would be to repeatour
analysison the 4-year COBE-DMR data. Although it hasbeen
shavn that thesedata contain some systematice ectsthat lead
to non-GaussianityMagueijo & Medeiros2004),it is likely that
thesesystematicerenotsharedoy WMAP. Providedthe mostsig-
ni®cantdetectionin the WMAP datais predominantlydueto the
global structureof the real Morlet wavelet at an angularscaleof

26 , the angularresolutionof the COBE-DMR datashouldbe
su cientto obsereit if it is astrophysicain origin. Clearly, it will
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alsobe of greatinterestto investigatewhetherthe non-Gaussianity
detectiongeportecherearestill presenin the 2-yearWMAP data.
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APPENDIX A: A FAST DIRECTION AL CSWT

The CSWT at a particularscaleis essentiallya sphericalconwolu-
tion; henceit is possibleto apply the fast sphericalcorvolution
algorithm proposedby Wandelt& Gorski (2001)to evaluatethe
wavelet transform.The harmonicrepresentatiorof the CSWT is
®rst presentedfollowed by a discretisatiorand fastimplementa-
tion. Withoutlossof generalitywe considera singledilation only.

Al Harmonic formulation

Theredoesnotexist arny ®nite pointsetonthe spherehatis invari-
ant underrotations(due to geometricalpropertiesof the sphere),
henceit is more natural,andin fact more accuratefor numerical
purposesto recasthe CSWT de®nedby (3) in harmonicspace.

Both the wavelet and signal are representedn terms of a
sphericalharmonic expansion,de®nedfor an arbitrary function
f 2 L%(S?) by

X X
ProYem(!); (A1)

=0 me

f(1)=

wherethe sphericalharmoniccoe cientsare given by the usual
projectionof thesignalontoeachsphericaharmonicbasisfunction
Y-m(!),

Z

Po=  f0)Ym()d(): (A2)
s2

In practiceonerequireghatatleastoneof thefunctionsusuallythe
wavelet, hasa ®nite bandlimit sothatnegligible power is present
in thosecoe cientsabove acertain’ o Forall practicalpurposes,
theoutersummatiorof (A1) maythenbetruncatedo " yax.
Substitutingthe sphericaharmonicexpansionf thewavelet
andsignalinto the CSWT of (3) andnotingtheorthogonalityof the
sphericaharmonicsyieldsthe harmonicrepresentation

Yo X X h i
)= Do 5 )P0 B (A3)
o e -

W(;

TheadditionalsummatiorandD, ., Wigner rotationmatricesthat
are introducedcharacterisehe rotation of a sphericalharmonic,
notingthatarotatedsphericaharmonicmaysimply berepresented
by a sumof rotatedharmonicof thesame' by (Inui etal. 1996)
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(R Ym)(1)= Dyols 3 ) Yeo(!): (A4)
.

TheWignerrotationmatricesmay be decomposeds
Dret(; 3 )=€™ dpo()e ™ (A5)

wherethe real polar d-matrix is de®nedby, for example,Brink &
Satchler(1993).Therelationshigshavn in (A5) is exploitedby fac-
toringtherotationR .. into two separateotations,both of which
only containa constant =2 polarrotation:

R;; =R =2, =2 Ro; =2, +=2: (A6)

By factoringthe rotationin this mannerand applyingthe decom-
positiondescribedy (A5), (A3) canbewrittenas

Yax X X minfmax;") . R
W(; 5 )= Orom( =2) Ao =2)
=0 me C omP= P& min(Mmax’)

b po Ig, gl =2+ Q4+ =2) (A7)

wherethe symmetryrelationshipd,, o( ) =d ,.( ) hasbeenap-
plied. In mary casest is likely that the wavelet will have mini-
mal azimuthalstructurecomparedo the signalunderanalysis,in
which caseit mayalsohave alower e ective azimuthalbandlimit
Mmax ‘max-

The harmonicformulation presentedeplaceghe continuous
integral of (3) by ®nite summationsalthoughevaluatingthesesum-
mationsdirectlywould benomoree cientthatapproximatinghe
initial integral usingsimplequadratureRotationsareelegantlyrep-
resentedn harmonicspacehowever, andthe approximationand
interpolationrequiredin ary real spacediscretisations avoided.
Moreover, (A7) is representedh sucha way thatthe presencef
complex exponentialsnaybeexploitedsuchthatfastFouriertrans-
forms (FFTs)may be appliedto evaluaterapidly the threesumma-
tionssimultaneously

A2 Fastimplementation

Azimuthalrotationsmaybeappliedwith farlesscomputationaéx-
pensethanpolarrotationssincethey appeamithin complex expo-
nentialsin (A7). Althoughthe d-matricescanbe evaluatedreason-
ably quickly andreliably usingrecursiorformulae(e.g.thosegiven
by Risbo 1996),the basisfor the fastimplementationis to avoid
thesepolar rotationsas much as possibleand use FFTsto evalu-
aterapidly all of theazimuthalrotationssimultaneouslyThisis the
motivationfor factoringtherotationby (A6) sothatall Eulerangles
occurasazimuthalrotations.

Thediscretisatiorof eachEuleranglemayin generabearbi-
trary. However, to exploit standard=FT routinesuniform sampling
is adopted.The uniformly sampledsphericalwavelet coe cient

samplesarede®nedby
|
2n 2n 2n’
Wonm =W —) ——; — A
n nn N 1 N 1 N ( 8)
Discretising(A7) in this mannerandperformingallittle algebrave

mayrecasit in aform amenabléeo fastFouriertechniques:

Whonm =€ i2 (N "max™N +n “max™N +n mmaxN )

7 Whilst and bothcovertherangeOto 2 , evaluating over the same
rangeis redundantgcovering the SO(3) manifold exactly twice. Nonethe-
less theuseof thefastFFT-basedilgorithmrequiresthis range.
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K1 IX L
tj;jO;jOOéz (jn N +j% N +j% ) . (A9)

j=0 =0 jo%0

wherethe secondine is simply the unnormaliseBD inversedis-
creteFouriertransform(DFT) of

— AP m=2
tn""'\maxlfTP""maxinpq'mnax - el( m

)ﬁlax

Grin =2) Ao =2) Dopo b8 (A20)
*=maxjmj;jm3;jmP§)

where the shifted indices shav the corversion between the
harmonic and Fourier cornventions. The number of samples
for each Euler angleis N =2 x*+1, N =2+ 1 and
N = 2mmnax+ 1, enforcedby uniform samplingand the standard

Fourierrelationship.

The CSWT may be performedvery rapidly in sphericalhar
monic spaceby constructingthe t-matrix of (A10) from sphef
ical harmoniccoe cientsand precomputed-matrices,followed
by the applicationof a FFT to evaluaterapidly all threeEuler an-
glesof thediscretisedCSWT simultaneouslybeforeapplyinga ®-
nal modulatingcomple exponentialfactor Memory and compu-
tational requirementsmay be reducedby a further factor of two
for real signalsby exploiting the conjugatesymmetryrelationship
U ne mo0 =t 0000

The computationalcost of the fast CSWT is dominatedby
the calculationof the t-matrix, which is of order O( 2,,Mmnax)-
A direct quadratureapproximationof the CSWT integral is of
order O(N 2N 2N ). The harmonicand real spacesize parame-
ters are of the sameorder thatis O(ma) O(N) O(N) and
O(mmax) O(N ), hencethe fastalgorithm provides a saving of
O( max).- We give a more detailedcomparisonof the compleity
of variousCSWT implementationandtypical executiontimesin
McEwenetal. (2004).



