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ABSTRACT
A directional sphericalwavelet analysisis performedto examine the Gaussianityof the
WilkinsonMicrowaveAnisotropy Probe(WMAP) 1-yeardata.Suchananalysisis facilitated
by the introductionof a fastdirectionalcontinuoussphericalwavelet transform.The direc-
tional natureof theanalysisallows oneto probeorientatedstructurein thedata.Signi�cant
deviations from Gaussianityare detectedin the skewnessand kurtosisof sphericalellipti-
cal MexicanhatandrealMorlet waveletcoe� cientsfor boththeWMAP andTegmarket al.
(2003)foreground-removedmaps.The previous non-Gaussianitydetectionmadeby Vielva
et al. (2003)usingthesphericalsymmetricMexicanhatwavelet is con�rmed, althoughtheir
detectionat the99.9%signi�cancelevel is only madeat the95.3%signi�cance level using
our mostconservative statisticaltest.Furthermore,deviationsfrom Gaussianityin theskew-
nessof sphericalrealMorlet waveletcoe� cientsonawaveletscaleof 5500 (correspondingto
ane� ectiveglobalsizeonthesky of � 26� andaninternalsizeof � 3� ) atanazimuthalorien-
tationof 72� , aremadeat the98.3%signi�cancelevel, usingthesameconservativemethod.
Thewaveletanalysisinherentlyallowsoneto localiseon thesky thoseregionsthatintroduce
skewnessandthosethatintroducekurtosis.Preliminarynoiseanalysisindicatesthatthesede-
tecteddeviationregionsarenotatypicalandhaveaveragenoisedispersion.Furtheranalysisis
requiredto ascertainwhetherthesedetectedregionscorrespondto secondaryor instrumental
e� ects,or whetherin factthenon-Gaussianitydetectedis dueto intrinsic primordial �uctua-
tionsin thecosmicmicrowavebackground.
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1 INTR ODUCTION

A rangeof primordial processesmay imprint signatureson the
temperature�uctuations of the cosmic microwave background
(CMB). The currently favouredcosmologicalmodel is basedon
theassumptionof initial �uctuations generatedby in�ation. In the
simplest in�ationary models, theseresult in Gaussiantempera-
ture anisotropiesin the CMB. Non-standardin�ationary models
andvariouscosmicdefectscenarioscould, however, leadto non-
GaussianprimordialCMB �uctuations.Non-Gaussianitymayalso
be introducedby secondarye� ects,suchasthereionisationof the
Universe,the integratedSachs-Wolfe e� ect, the Rees-Sciamaef-
fect, the Sunyaev-Zel'dovich e� ect andgravitational lensing± in
additionto measurementsystematicsor foregroundcontamination.
Consequently, probing the microwave sky for non-Gaussianityis
of considerableinterest,providing evidencefor competingscenar-
iosof theearlyUniverseandalsohighlightingimportantsecondary
sourcesof non-Gaussianityandsystematics.

Ideally, onewould like to localiseany detectednon-Gaussian
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componentsonthesky, in particularto determineif they correspond
to secondarye� ectsor systematics.The ability to probedi� erent
scalesis also important to ensurenon-Gaussiansourcespresent
only on certainscalesarenot concealedby thepredominantGaus-
sianity of otherscales.Wavelet techniquesarethusa perfectcan-
didatefor CMB non-Gaussianityanalysis,sincethey provide both
scaleandspatiallocalisation.In addition,directionalwaveletsmay
provide furtherinformationonorientatedstructurein theCMB.

Waveletshavealreadybeenusedto analysetheGaussianityof
theCMB. For example,Hobsonet al. (1999)andBarreiro& Hob-
son(2001)investigatedtheuseof planarwaveletsin detectingand
characterisingnon-Gaussianityon patchesof the CMB sky. This
approachwas usedby Mukherjeeetal. (2000) to analyseplanar
facesof the4-yearCosmicBackgroundExplorer±Di� erentialMi-
crowave Radiometer(COBE-DMR) datain the QuadCubepixeli-
sation,showing that the datais consistentwith Gaussianity(cor-
rectingan earlierclaim of non-Gaussianityby Pandoet al. 1998).
To considera full sky CMB mapproperly, however, waveletanal-
ysis must be extendedto sphericalgeometry. A sphericalHaar
wavelet analysisof the COBE-DMR datawasperformedby Bar-
reiro etal. (2000),but no evidenceof non-Gaussianitywasfound.

c 2004RAS



2 J. D. McEwenetal.

Employing the approachdescribedby Antoine & Vandergheynst
(1998)for performingcontinuouswavelet transformson a sphere,
Caýonetal. (2001)usedtheisotropicMexicanhatwaveletto anal-
yse the COBE-DMR maps;again,no signi®cantdeviations from
Gaussianityweredetected.Martinez-Gonźalezetal. (2002)subse-
quentlycomparedtheperformanceof sphericalHaarandMexican
hatwaveletsfor non-GaussianitydetectionandfoundtheMexican
hatwaveletto besuperior.

Since the releaseof the Wilkinson Microwave Anisotropy
Probe(WMAP) 1-yeardata,a wide rangeof Gaussianityanaly-
seshave beenperformed,calculatingmeasuressuchasthebispec-
trumandMinkowski functionals(Komatsuet al.2003;Magueijo&
Medeiros2004;Land& Magueijo2004),thegenus(Colley & Gott
2003;Eriksenetal. 2004),the 3-point correlationfunction (Gaz-
tanaga& Wagg2003),multipole alignmentstatistics(Copi et al.
2004;deOliveira-Costaetal. 2004;Slosar& Seljak2004),phase
associations(Chianget al. 2003; Colesetal. 2004), local curva-
ture(Hansenet al. 2004;Cabellaetal. 2004)andhotandcoldspot
statistics(Larson& Wandelt2004).Somestatisticsshow consis-
tency with Gaussianity, whereasothersprovide someevidencefor
a non-Gaussiansignaland/or anasymmetrybetweenthenorthern
andsouthernGalactichemispheres.Oneof thehighestsigni®cance
levels for non-Gaussianityyet reportedwas obtainedby Vielva
et al. (2003)usinga sphericalMexican hatwavelet analysis.This
resulthasbeencon®rmedby Mukherjee& Wang(2004),whoshow
it to berobustto di� erentGalacticmasksandassumptionsregard-
ing noiseproperties.In particular, it was found that the kurtosis
of the wavelet coe� cientsin the southernhemisphere,at an ap-
proximatesizeon thesky of 10� , lies just outsidethe3� Gaussian
con®dencelevel.

Previouswaveletanalysesof theCMB have beenrestrictedto
rotationallysymmetricwavelets.A directionalanalysison the full
sky haspreviously beenprohibitedby the computationalinfeasi-
bility of any implementation.In this paper, by applyinga fastdi-
rectionalcontinuoussphericalwavelet transform(CSWT),we ex-
tendnon-Gaussianityanalysisto examinedirectionalstructurein
theCMB.

The remainderof this paperis structuredasfollows. Thedi-
rectionalCSWTandtheconstructionof new directionalspherical
waveletsis presentedin Section2. In Section3 theprocedurefol-
lowed to analysethe WMAP 1-yeardatafor non-Gaussianityis
described.Resultsandfurtheranalysisarepresentedin Section4.
Concludingremarksaremadein Section5.

2 DIRECTION AL CONTINUOUS SPHERICAL
WAVELET ANALYSIS

To performawaveletanalysisof full sky mapsde®nedontheceles-
tial sphere,Euclideanwaveletanalysismustbeextendedto spher-
ical geometry. We considerthe directionalCSWT constructedby
Antoine& Vandergheynst (1998).This transformwasconstructed
from grouptheoreticprinciples,however wepresenthereanequiv-
alent constructionbasedon a few simple operationsand norm-
preservingproperties.

2.1 Transform

A wavelet basis is constructedon the sphereby applying the
sphericalextensionof Euclideanmotionsanddilations to mother
waveletsde®nedon thesphere± analogousto theconstructionof a
Euclideanwaveletbasis.
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Figure 1. Stereographicprojectionof thesphereontotheplane.

Thenaturalextensionof Euclideanmotionson thesphereare
rotations.Thesearecharacterisedby the elementsof the rotation
group SO(3), which we parameterisein termsof the threeEuler
angles(�; �;  ). The rotationof a square-integrablefunction f on
the2-sphereS2 (i.e. f 2 L2(S2)) is de®nedby

(R� f )(! ) = f (� � 1! ); � 2 SO(3); (1)

where! denotessphericalcoordinates(i.e. ! 2 S2).
Dilationsonthesphereareconstructedby ®rst lifting S2 to the

planeby a stereographicprojectionfrom thesouthpole(Figure1),
followed by the usualEuclideandilation in the plane,beforere-
projectingbackontoS2. A sphericaldilation is thusde®nedby

(D a f )(! ) = fa(! ) =
p

� (a; � ) f (! 1=a); a 2 R+
� ; (2)

where! a = (� a; � ) andtan(� a=2) = atan(� =2). The� (a; � ) cocycle
termis introducedto preserve the2-normandis de®nedby

� (a; � ) =
4 a2

[(a2 � 1)cos� + (a2 + 1)]2
:

A waveletbasison thespheremaynow beconstructedby ro-
tationsand dilations of an admissible1 mothersphericalwavelet
 2 L2(S2) (describedfurther in Section2.2). The correspond-
ingwaveletfamily f a;� � R� D a ; � 2 SO(3); a 2 R+

� gprovidesan
over-completesetof functionsin L2(S2). TheCSWTof s 2 L2(S2)
is given by the projectiononto eachwavelet basisfunction in the
usualmanner,

W(a; �; �;  ) =
Z

S2
(R�;�;  a)� (! ) s(! ) d� (! ) ; (3)

wherethe� denotescomplex conjugationand d� (! ) = sin(� ) d� d�
is theusualrotationallyinvariantmeasureon thesphere.

The transformis generalin the sensethat all orientationsin
therotationgroupSO(3) areconsidered,thusdirectionalstructure
is naturallyincorporated.It is importantto note,however, thatonly
local directionsmake any senseon S2. Thereis no globalway of
de®ningdirectionson thesphere2 ± therewill alwaysbesomesin-
gularpointwherethede®nitionfails.

A full directionalwavelet analysison the spherehasprevi-
ouslybeenprohibitedby thecomputationalinfeasibilityof any im-
plementation.We rectify this problemby presentinga fast algo-
rithm in AppendixA to performthedirectionalCSWT.

1 Candidatemotherwaveletsmustalsosatisfycertainadmissibilitycriteria
to qualify asa sphericalwavelet(seeAntoineet al. 2002for a de�nition of
the strict admissibilitycriterion andthe morepractical,necessarybut not
su� cient,zeromeancriterion).
2 Thereis nodi� erentiablevector�eld of constantnormonthesphereand
hencenoglobalwayof de�ning directions.
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2.2 Mother spherical wavelets

The wavelet basispreviously describedis constructedfrom ro-
tationsand dilations of an admissiblemothersphericalwavelet.
Mothersphericalwaveletsaresimplyconstructedby projectingad-
missibleEuclideanplanarwaveletsonto the sphereby an inverse
stereographicprojection,

 S2(� ; � ) = (� � 1 R2)(� ; � ) �
2

1 + cos(� )
 R2(r; � ) ; (4)

wherer = 2tan(� =2). Themodulatingterm is againintroducedto
preserve the2-norm.

Directionalsphericalwaveletsmaybenaturallyconstructedin
thissetting± they aresimplytheprojectionof directionalEuclidean
planarwaveletsonto thesphere.Two directionalplanarEuclidean
motherwaveletsarede®nedin the following subsections:the el-
liptical Mexican hat andreal Morlet wavelets.The corresponding
sphericalwavelets are illustrated in Figure 2. The Mexican hat
wavelet and the real Morlet wavelet, chosenfor its sensitivity to
scanningartifacts,aresubsequentlyappliedto thedetectionof non-
Gaussianityin theWMAP 1-yeardata.

2.2.1 Elliptical Mexicanhat wavelet

We proposea directional extension of the usual Mexican hat
wavelet.Theelliptical Mexicanhat waveletis de®nedasthenega-
tive of theLaplacianof anelliptical 2-dimensionalGaussian,

 Mex
R2 (x; y; � x; � y) =

1
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which reducesto theusualsymmetricMexicanhatwavelet for the
specialcasewhere� x = � y. Theelliptical Mexicanhatwavelet is
invariantunderinteger azimuthalrotationsof � , thus the rotation
angle is alwaysquotedin therange[0; � ).

Wede®netheeccentricityof anelliptical Mexicanhatwavelet
astheeccentricityof theellipsede®nedby the®rst zero-crossing,
givenby

� =

s

1 �
 
� y

� x

!4

: (6)

Elliptical Mexicanhatwaveletsaresubsequentlyparameterisedby
their eccentricity;thestandarddeviation in eachdirectionis setby
� y = 1 and� x = � y

4p
1 � � 2. Elliptical Mexican hat waveletsare

illustratedin Figure2 (a) and(b) for eccentricities� = 0:00 and
� = 0:95 respectively.

We de®nethe e� ective size on the sky of a sphericalellip-
tical Mexican hat wavelet for a particulardilation as the angular
separationbetweenthe®rst zero-crossingson themajoraxisof the
ellipse,givenby

� Mex
1 (a) = 4tan� 1

 
a
p

2

!
� 2

p
2 a : (7)

2.2.2 RealMorlet wavelet

TherealMorlet waveletis de®nedby

 Mor
R2 (x; k) = Re
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exp

 
i k � x

p
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�k xk2

2

!#
; (8)

wherek is thewave vectorof thewavelet(henceforthwe consider
only wave vectorsof the form k = (k0; 0)T). We have scaledthe
usualde®nitionof the real Morlet wavelet to achieve sizeconsis-
tency with the elliptical Mexican hat wavelet. The real Morlet
sphericalwaveletis alsoinvariantunderintegerazimuthalrotations
of � , thustherotationangle is alwaysquotedin thedomain[0; � ).

TherealMorlet wavelethastwo orthogonalscales:onede®n-
ing the overall sizeof the wavelet andthe otherde®ningthe size
of its internalstructure.Theoverall e� ective sizeon thesky of the
sphericalreal Morlet wavelet is de®nedasthe angularseparation
betweenoppositee� 1 roll-o� pointsof the exponentialdecayfac-
tor, andis givenby

� Mor
1 (a) = 4tan� 1

 
a
p

2

!
� 2

p
2 a : (9)

Notice that for a given dilation a, the sphericalelliptical Mexican
hat and real Morlet waveletshave an equivalent overall e� ective
sizeon thesky. Thee� ective sizeon thesky of the internalstruc-
tureof therealMorlet wavelet is de®nedastheangularseparation
betweenthe®rst zero-crossingsin thedirectionof thewave vector
k, andis givenby

� Mor
2 (a) = 4tan� 1

 
a�
4k0

!
�

a�
k0

: (10)

3 NON-GAUSSIANITY ANALYSIS

Sphericalwavelet analysisis appliedto probethe WMAP 1-year
datafor possibledeviationsfrom Gaussianity. We follow a similar
strategy to Vielva etal. (2003),however we extendtheanalysisto
directionalsphericalwaveletsto probeorientatedstructurein the
CMB.

3.1 Data preprocessing

We considerthe samedataset analysedby both Komatsuet al.
(2003) and Vielva etal. (2003) in their non-Gaussianitystudies.
The observed WMAP maps for which the CMB is the domi-
nant signal (two Q-bandmapsat 40.7GHz,two V-bandmapsat
60.8GHzand four W-band mapsat 93.5GHz) are combinedto
give a singlesignal-to-noiseratio enhancedmap.Thesemaps,to-
getherwith receiver noiseandbeamproperties,areavailablefrom
the Legacy Archive for Microwave BackgroundData Analysis
(LAMBDA) website3. The mapsare provided in the HEALPix4

(Górskiet al. 1999)formatata resolutionof Nside = 512(thenum-
ber of pixels in a HEALPix map is given by 12Nside

2). The data
processingpipelinespeci®edby Komatsuet al. (2003)is appliedto
producea singleco-addedmapfor analysis.Theco-addedtemper-
atureata givenpositionon thesky ! is givenby

T(! ) =
P 10

r=3 wr(! ) Tr(! )
P 10

r=3 wr (! )
; (11)

whereT(! ) is aCMB temperaturemapandther index corresponds
to the Q-, V- andW-bandreceivers respectively (indicesr = 1; 2
correspondto theK andKa receiver bandsthatareexcludedfrom
theanalysis).Thenoiseweightswr (! ) arede®nedby

wr(! ) =
Nr(! )
� 0r

2
; (12)

3 http://cmbdata.gsfc.nasa.gov/
4 http://www.eso.org/science/healpix/

c 2004RAS,MNRAS 000, 1–13



4 J. D. McEwenetal.

(a) Mexicanhat� = 0:00 (b) Mexicanhat� = 0:95 (c) RealMorlet k = (10; 0)T

Figure 2. Sphericalwavelets(dilation a = 7500; sizeonsky � 1 = 21000, � 2 = 2360).

whereNr (! ) speci®esthenumberof observationsat eachpoint on
thesky for eachreceiver bandand� 0r is thereceiver noisedisper-
sion.

Foregroundcleanedsky maps,wheretheGalacticforeground
signal(consistingof synchrotron,free-free,anddustemission)has
beenremoved,aredirectly availablefrom theLAMBDA website.
The Galactic foregroundsignal is removed by using the 3-band,
5-parametertemplate®tting methoddescribedby Bennettet al.
(2003).We usetheseforegroundcleanedmapsin ouranalysis.

An independentforegroundanalysisof theWMAP datais per-
formedby Tegmarket al. (2003).The Tegmarketal. mapis also
constructedfrom a linear summationof observed WMAP maps,
however the weightsusedvary over both positionon the sky and
scale.We alsoperformour analysison the Tegmarket al. mapto
ensureany detecteddeviationsfrom Gaussianityarenotdueto dif-
ferencesin thevariousforegroundremoval techniques.

Following theanalysisof Vielvaet al. (2003)wedown-sample
mapresolutionsto Nside = 256,sincetheverysmallscalesaredom-
inatedby noise(andalso to reducecomputationalrequirements).
The conservative Kp0 exclusion mask provided by the WMAP
team(appropriatelydownsampledto conserve point sourceexclu-
sion regionsin the coarserresolution)is appliedto remove emis-
sionsdueto theGalacticplaneandknown point sources.The®nal
preprocessedco-addedmap (hereafterreferredto as the WMAP
team map, or simply WMAP map) and the map producedby
Tegmarketal. (2003)(hereafterreferredto asthe Tegmarkmap)
areillustratedin Figure3.

3.2 Monte Carlo simulations

Monte Carlo simulationsare performedto constructcon®dence
boundson the teststatisticsusedto probefor non-Gaussianityin
theWMAP 1-yeardata.1000GaussianCMB realisationsarepro-
ducedfrom the theoreticalpower spectrum®tted by the WMAP
team.5

To simulate the WMAP observingstrategy each Gaussian
CMB realisationis convolved with the beamtransferfunction of
eachof the Q-, V- andW-bandreceivers.White noiseof disper-
sion � r(! ) = � 0r =

p
Nr (! ) is addedto eachband.The resultant

simulatedQ-,V- andW-bandmapsarecombinedin thesameman-
nerusedto constructtheco-addedmap,beforedown-samplingand
applyingtheKp0mask,to givea®nalsimulatedGaussianco-added
mapfor analysis.

5 The theoreticalpower spectrumusedis basedon a LambdaCold Dark
Matter (� CDM) modelusinga power law for the primordial spectralin-
dex whichbest�ts theWMAP, CosmicBackgroundImager(CBI) andAr-
cminuteCosmologyBolometerArray Receiver (ACBAR) CMB data,and
is alsodirectly availablefrom theLAMBDA website.

The sameGaussiansimulationsare also usedfor compari-
son with the Tegmark map. Sincethe weightsusedto construct
the Tegmarkmapdi� er from thoseusedto constructthe WMAP
teammap,one shouldstrictly producea secondset of Gaussian
simulationsfollowing theTegmarkmapconstructionmethod.The
weightsfor theTegmarkmapvary asa function of angularscale,
andunfortunatelyarenot quotedexplicitly. Nevertheless,for both
the WMAP andTegmarkmaps,the weightssumto unity andthe
di� erencein thelinearcombinationof mapsusedby Tegmarket al.
(2003)shouldnot leadto signi®cantchangesin theGaussiancon-
®dencelimits ascomparedwith thoseobtainedusingtheGaussian
simulationsproducedto modeltheWMAP map.

3.3 Wavelet analysis

TheCSWTis a linearoperation;hencethewaveletcoe� cientsof
a Gaussianmapwill alsofollow a Gaussiandistribution.Onemay
thereforeprobea full sky CMB mapfor non-Gaussianitysimply
by looking for deviations from Gaussianityin the distribution of
thesphericalwaveletcoe� cients.

The analysisconsistsof ®rst taking the CSWT at a rangeof
scalesand, for directionalwaveletson the sphere,a rangeof 
directions.Thescalesweconsider(andthecorrespondinge� ective
sizeon thesky for boththeMexicanhatandrealMorlet wavelets)
are shown in Table 1. For directionalwaveletswe consider®ve
evenly spaced orientationsin thedomain[0; � ).

Thosewaveletcoe� cientsdistortedby theapplicationof the
Kp0 mask are removed, as subsequentlydescribed,before test
statisticsare calculatedfrom the wavelet coe� cients.An identi-
cal analysisis performedon eachMonteCarloCMB simulationin
orderto constructsigni®cancemeasuresfor theteststatistics.

3.3.1 Coe� cientexclusionmasks

Theapplicationof theKp0 exclusionmaskdistortscoe� cientscor-
respondingto waveletsthatoverlapwith themaskexclusionregion.
Thesecontaminatedwaveletcoe� cientsmustberemovedfromany
subsequentnon-Gaussianityanalysis.An extendedcoe� cient ex-
clusionmaskis requiredto remove all contaminatedwaveletcoef-
®cients.

On small scalesmasked point sourcesintroducesigni®cant
distortionin waveletcoe� cientmapsandshouldnot beneglected.
OnlargerscalesthemaskedGalacticplaneintroducesthemostsig-
ni®cant distortion, as point sourcedistortionsare averagedover
a large wavelet support.Our constructionof an extendedcoe� -
cientmaskinherentlyaccountsfor thedominanttypeof distortion
on a particularscale.Firstly, theCSWTof theoriginal Kp0 mask
is taken.Admissiblesphericalwaveletshave zeromean(Antoine
etal. 2002),hencetheonly non-zerowaveletcoe� cientsarethose
thataredistortedby themaskboundary. Thesedistortedcoe� cients
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(a) Co-addedWMAP teammap (b) Tegmarkmap

Figure 3. PreprocessedWMAP mapsconsideredin thenon-Gaussianityanalysis.

Table 1. Waveletscalesconsideredin thenon-Gaussianityanalysis.Theoverall sizeon thesky � 1 for a givenscalearethesame
for both theMexican hatandrealMorlet wavelets.Thesizeon thesky of the internalstructureof therealMorlet wavelet � 2 is
alsoquoted.

Scale 1 2 3 4 5 6 7 8 9 10 11 12

Dilation a 500 1000 1500 2000 2500 3000 3500 4000 4500 5000 5500 6000

Sizeonsky � 1 1410 2820 4240 5650 7060 8470 9880 11300 12700 14100 15500 16900

Sizeonsky � 2 15.70 31.40 47.10 62.80 78.50 94.20 1100 1260 1410 1570 1730 1880

maybeeasilydetectedandthecoe� cientexclusionmaskextended
accordingly. Coe� cientexclusionmasksareillustratedin Figure4
for the Mexican hat � = 0:00 wavelet for a rangeof scalesand
in Figure5 for therealMorlet wavelet for a givenscale(thescale
thata signi®cantnon-Gaussianitydetectionis subsequentlymade)
anda rangeof orientations.As scaleincreasesthedominantform
of distortionmaybeseenin Figure4 to shift from point sourceto
Galacticplane.

Vielva et al. (2003) constructan extendedcoe� cient mask
simply by extendingthe Galacticplaneregion of the Kp0 mask
by 2:5a (thepoint sourcecomponentsof theoriginal maskarenot
extended).Severalotherde®nitionsfor coe� cientexclusionmasks
areanalysedin detailby Mukherjee& Wang(2004),noneof which
alter theresultsof subsequentnon-Gaussianityanalysis.Although
it is importantto accountcorrectly for the distortionsintroduced
by theKp0 mask,the resultsof Gaussianityanalysisappearto be
relatively insensitive to theparticularmaskchosen.

3.3.2 Teststatistics

Thethird (skewness)andfourth(kurtosis)momentsaboutthemean
areconsideredto testsphericalwavelet coe� cientsfor deviations
from Gaussianity. Theseestimatorsdescribethedegreeof symme-
try andthedegreeof peakednessin theunderlyingdistribution re-
spectively. Skewnessis de®nedby

� (a;  ) =
1

Ne�

Ne�X

i=1

�
Wi (a;  ) � � (a;  )

�3

� 3(a;  )
(13)

andexcesskurtosisby

� (a;  ) =
1

Ne�

Ne�X

i=1

�
Wi(a;  ) � � (a;  )

�4

� 4(a;  )
� 3 ; (14)

where� is the meanand � the dispersionof the wavelet coe� -
cients.Thei index rangesoverall waveletcoe� cientsnotexcluded
by the coe� cient exclusionmaskandindexesboth � and� com-
ponents.The numberof sphericalwavelet coe� cientsretainedin
theanalysisafter theapplicationof thecoe� cientexclusionmask
is givenby Ne� .

Skewnessandexcesskurtosisfor a Gaussiandistribution are
bothzero.We look for deviationsfrom zeroin theseteststatistics
to indicatethe existenceof non-Gaussianityin the distribution of
sphericalwaveletcoe� cients,andhencealsoin thecorresponding
CMB map.

4 RESULTS

To probefor non-Gaussianityin theWMAP 1-yeardata,theanal-
ysis proceduredescribedin Section3 is performedon both the
WMAP teamandTegmarkmaps.The threesphericalwaveletsil-
lustratedin Figure2 areconsidered,namelythe symmetricMex-
ican hat � = 0:00 wavelet, the elliptical Mexican hat � = 0:95
waveletandtherealMorlet k = (10; 0)T wavelet.TheMexicanhat
� = 0:00 casehaspreviously beenanalysedby Vielva et al. (2003)
(althoughsomescalesconsidereddi� er), therebyproviding a con-
sistency checkfor theanalysis.

4.1 Wavelet coe� cient statistics

For a given wavelet, the skewness and kurtosis of wavelet
coe� cients is calculatedfor each scale and orientation.These
statistics are displayed in Figure 6, with con®denceintervals
constructedfrom the Monte Carlo simulationsalso shown. For
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(a) a1 = 500 (b) a2 = 1000 (c) a3 = 1500

(d) a4 = 2000 (e) a5 = 2500 (f) a6 = 3000

(g) a7 = 3500 (h) a8 = 4000 (i) a9 = 4500

(j) a10 = 5000 (k) a11 = 5500 (l) a12 = 6000

Figure 4. SymmetricMexicanhat� = 0:00waveletcoe� cientexclusionmasksfor eachscale.

(a)  = 0� (b)  = 72� (c)  = 144�

(d)  = 216� (e)  = 288�

Figure 5. RealMorlet waveletcoe� cientexclusionmasksatscalea11 = 5500 for eachorientation.

directional wavelets, only the orientationscorrespondingto the
maximumdeviationsfrom Gaussianityareshown.

Our coe� cient exclusionmaskdi� ersslightly from that ap-
plied by Vielva etal. (2003), thus for comparisonpurposeswe
also perform the Mexican hat � = 0:00 analysiswithout apply-
ing any extendedcoe� cient mask,asVielva et al. (2003)alsodo
initially. Theseresults,althoughnotshown, correspondidentically.
By applyingdi� erentcoe� cientmaskstheshapeof theplotsdi� er
slightly, neverthelessthe ®ndingsdrawn remainthe same.Devia-
tions from Gaussianityaredetectedin the kurtosisoutsideof the
99%con®denceregionconstructedfrom Monte-Carlosimulations,
on scalesa5 = 2500 anda6 = 3000. Furthermore,a deviation out-
sidethe99%con®denceregion is detectedin theskewnessatscale
a2 = 1000. Vielvaet al. (2003)measurea similarskewnessvalueat

this scale,althoughthis lies directly on theboundaryof their 99%
con®denceregion.

Deviationsfrom Gaussianityarealsodetectedin both skew-
nessandkurtosisusingtheelliptical Mexicanhat� = 0:95wavelet.
In eachcasethe observed deviations occur on a slightly larger
scalethanthosefoundusingthesymmetricMexicanhat � = 0:00
wavelet. This behaviour alsoappearstypical for simulatedGaus-
sianmaprealisations.Adjacentorientationsexhibit similar results,
althoughnotat suchlargecon®dencelevels(but still outsideof the
99%con®dencelevel).

An extremely signi®cantdeviation from Gaussianityis ob-
served in the skewnessof the real Morlet wavelet coe� cientsat
scalea11 = 5500 andorientation = 72� . The kurtosismeasure-
mentonthesamescaleandorientationalsoliesoutsideof the99%
con®denceregion.
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(a) Skewness– Mexicanhat� = 0:00 (b) Skewness– Mexicanhat� = 0:95;  = 72� (c) Skewness– realMorlet k = (10; 0)T ;  = 72�

(d) Kurtosis– Mexicanhat� = 0:00 (e) Kurtosis– Mexicanhat� = 0:95;  = 108� (f) Kurtosis– realMorlet k = (10; 0)T ;  = 72�

Figure 6. Sphericalwavelet coe� cient statisticsfor eachwavelet. Con�denceregionsobtainedfrom 1000Monte Carlo simulationsareshown for 68%
(red),95%(orange)and99%(yellow) levels,asis themean(solid white line). Only theorientationscorrespondingto themostsigni�cant deviationsfrom
Gaussianityareshown for theMexicanhat� = 0:95andrealMorlet waveletcases.

4.2 Statistical signi�cance of detections

Wenow considerin moredetail,themostsigni®cantdeviationfrom
Gaussianityobtainedin eachof thepanelsin Figure6. In particu-
lar, weexaminethedistributionof eachstatistic,obtainedfrom the
GaussianMonteCarlosimulations,andalsoperforma � 2 testfor
eachstatistic.Signi®cancemeasuresof thenon-Gaussianitydetec-
tionsmaythenbeconstructedfrom eachtest.

Figure7 shows histogramsconstructedfrom theMonteCarlo
simulationsfor thoseteststatisticscorrespondingto themostsig-
ni®cant deviations from Gaussianity. The measuredstatistic for
both the WMAP teamandTegmarkmapsis alsoshown on each
plot, with thenumberof standarddeviationstheseobservationsde-
viate from the mean.In particular, we note the large deviations
shown in panel(c), correspondingto 5:61 and6:42 standardde-
viations for the real Morlet wavelet analysisof the WMAP and
Tegmarkmapsrespectively.

Having determinedseparatelythe con®dencelevel of the
largestnon-Gaussianitydetectionin eachpanelof Figure6,wenow
considerthestatisticalsigni®canceof our resultsfor eachwavelet
asawhole.Treatingeachwaveletseparately, wesearchthroughthe
Gaussiansimulationsto determinethe numberof mapsthat have
anequivalentor greaterdeviation in anyof theteststatisticscalcu-
latedfrom thatmapusingthegivenwavelet.That is, if any skew-
nessor kurtosisstatistic6 calculatedfrom the Gaussianmap± on
any scaleor orientation± deviatesmorethanthe maximumdevi-
ation observed in the WMAP datafor that wavelet, thenthe map
is �agged asexhibiting a moresigni®cantdeviation.This is anex-
tremelyconservative meansof constructingsigni®cancelevels for
theobservedteststatistics.Signi®cancelevelscorrespondingto the

6 Although we recognisethe distinctionbetweenskewnessand kurtosis,
thereis no reasonto partition the set of test statisticsinto skewnessand
kurtosissubsets.Thefull setof teststatisticsmustbeconsidered.

detectionsconsideredin Figure7 arecalculatedanddisplayedin
Table2. Notice that althoughseveral individual teststatisticsfall
outsideof the 99% con®denceregion, the true signi®cancelevel
of the detectionwhenall statisticsare taken into accountis con-
siderablylower. Usingourconservative test,thesigni®canceof the
non-Gaussianitydetectionmadeby Vielvaet al. (2003),previously
quotedat greaterthan99.9%signi®cance,dropsto a signi®cance
level of 95.3%.Of particular interestis the non-Gaussiandetec-
tion in the skewnessof real Morlet wavelet coe� cientson scale
a11 = 5500 andorientation = 72� . This statisticdeviatesfrom the
meanby 5:61 standarddeviationsfor theWMAP mapandby 6:42
standarddeviationsfor theTegmarkmap.Thedetectionis madeat
anoverall signi®cancelevel of 98.3%.

Theprecedinganalysisis basedon themarginal distributions
of individualstatisticsandmakesaposteriorselectionof thecritical
con®dencelimit from the most discrepantvaluesobtainedfrom
thedata.A � 2 testprovidesan alternative analysisandmethodof
constructingsigni®cancemeasures.This testinsteadconsidersthe
setof teststatisticsfor eachwaveletasa wholeandhenceis based
on their joint distribution.Theposteriorstatisticselectionproblem
is thuseliminated,however including a large numberof lessuse-
ful test statisticshasa pronouncede� ect on down-weightingthe
overall signi®canceof thetest.The�2 statisticis givenby

� 2 =
NstatX

i=1

NstatX

j=1

(� i � � i) (C� 1)i j (� j � � j ) ; (15)

where � i gives each test statistic. For Gaussiandistributed test
statisticsthis shouldsatisfy a � 2 distribution. Although our test
statisticsarenot Gaussiandistributed,onemaystill usethe� 2 test
if oneis willing to estimatesigni®cancelevelsusingMonteCarlo
simulations.Theteststatisticsincludebothskewnessandkurtosis
statisticsfor eachscaleandorientation,hencethereare24 statis-
tics for thesymmetricMexicanhatanalysisand120for eachof the
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(a) Skewness– Mexicanhat� = 0:00;a2 = 1000 (b) Skewness– Mexicanhat� = 0:95; a3 = 1500;
 = 72�

(c) Skewness– real Morlet k = (10; 0)T ; a11 =
5500;  = 72�

(d) Kurtosis– Mexicanhat� = 0:00,a6 = 3000 (e) Kurtosis– Mexicanhat� = 0:95;a10 = 5000;
 = 108�

(f) Kurtosis – real Morlet k = (10; 0)T ;
a11 = 5500;  = 72�

Figure 7. Histogramsof sphericalwaveletcoe� cientstatisticobtainedfrom 1000MonteCarlosimulations.Themeanis shown by thedashedvertical line.
The observed statisticsfor the WMAP andTegmarkmapsareshown by the blue andgreenlines respectively. The numberof standarddeviations these
observationsdeviatefrom themeanis alsodisplayedon eachplot. Only thosescalesandorientationscorrespondingto themostsigni�cant deviationsfrom
Gaussianityareshown for eachwavelet.

directionalwavelet analyses.The meanvaluefor eachteststatis-
tic � andthecovariancematrix C is calculatedfrom the Gaussian
simulations.� 2 valuesarecalculatedfor theWMAP map,andalso
for all simulatedGaussianrealisations.The previously described
approachfor constructingsigni®cancelevels is appliedto the � 2

statistics.Figure8 summarisesthe resultsobtained.All spherical
waveletanalyses�ag deviationsfrom Gaussianityof veryhighsig-
ni®cancewhenall test statisticsare incorporatedin this manner.
In particular, thedetectionmadeusingthesymmetricMexicanhat
waveletoccursat the99.9%signi®cancelevel andthatmadewith
the real Morlet wavelet occursat the 99.3%signi®cancelevel. In
thiscasethesuperiorityof thesymmetricMexicanhatwaveletover
therealMorlet waveletarisessincetherealMorlet waveletanaly-
siscontainsa numberof additionallessusefulstatistics(dueto the
additionalorientations),thatdilute theoverall results.

Sincethe ®rst analysisis basedon marginal distributions,as
opposedto thejoint distribution of statisticsprobedby the� 2 test,
theformer is moreconservative. Thuswe quotetheoverall signif-
icanceof all detectionsof non-Gaussianityat the level calculated
by the®rst method(which, in all cases,is the lower of thevalues
calculatedby thetwo methods).

4.3 Localiseddeviations fr om Gaussianity

Wavelet analysis inherently a� ords the spatial localisation of
interestingsignalcharacteristics.Themostpronounceddeviations
from Gaussianityin theWMAP 1-yeardatamaythereforebeloca-
lisedon thesky. In addition,directionalwaveletsalsoallow signal
componentsto belocalisedin orientation.

The wavelet coe� cients correspondingto the most signi®-

cant non-Gaussiandetectionsfor eachwavelet are displayedin
Figure9, accompaniedby correspondingthresholdedmapsto lo-
calisethe most pronounceddeviations from Gaussianity. The re-
gionsdisplayedin Figure9 (b) thataredetectedfrom thekurtosis
Mexican hat � = 0:00 analysisarein closeaccordancewith those
regions found by Vielva et al. (2003).Additional similarities ap-
pearto exist betweenthe regions detectedfrom di� erentthresh-
oldedwavelet coe� cient maps,asapparentin Figure9. To quan-
tify thesesimilarities, the cross-correlationof all combinationsof
thresholdedcoe� cient mapsis computed(thecross-correlationis
normalisedto lie in therange[� 1;1], whereunity indicatesa fully
correlatedmap). Table 3 shows the normalisedcross-correlation
valuesobtained.Deviation regionsshown in Figure9 (b) andFig-
ure 9 (d), detectedby the Mexican hat � = 0:00 and � = 0:95
waveletsrespectively, arehighly correlated.Interestingly, theseco-
e� cient mapsareboth �agged by excesskurtosismeasures.Fur-
thermore,the regionsshown in Figure9 (a) andFigure9 (c), de-
tectedby theMexicanhat � = 0:00 and� = 0:95 waveletsrespec-
tively, aremoderatelycorrelated.Thesecoe� cient mapsareboth
�agged by excessskewnessmeasures.No other combinationsof
thresholdedcoe� cientmapsexhibit any signi®cantsimilarities.In
particular, thedeviationregionsdetectedby theskewnessrealMor-
let analysis(Figure9 (e)) do not correlatewith any of theregions
foundusingtheMexicanhatwavelets.This is expectedsinceadif-
ferentwavelet thatprobesdi� erentstructureis applied.Thecross-
correlationrelationshipsexhibitedherebetweendetecteddeviation
regionsfor theWMAP map,alsoappeartypicalof simulatedGaus-
sianmaps.

To investigatetheimpactof theselocalisedregionson theini-
tial non-Gaussianitydetection,the correspondingcoe� cientsare
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Table 2. Deviation andsigni�cancelevels of sphericalwavelet coe� cient
statisticscalculatedfromtheWMAP map(similarresultsareobtainedusing
theTegmarkmap).Standarddeviationsandsigni�cant levelsarecalculated
from 1000Monte Carlo Gaussiansimulations.The tablevariablesarede-
�ned asfollows: thenumberof standarddeviationstheobservationdeviates
from themeanis givenby N� ; thenumberof simulatedGaussianmapsthat
exhibit anequivalentor greaterdeviation in anyteststatisticscalculatedus-
ing thegivenwaveletis givenby Ndev; thecorrespondingsigni�cancelevel
of the non-Gaussianitydetectionis given by � . Only thosescalesandori-
entationscorrespondingto themostsigni�cant deviationsfrom Gaussianity
areshown for eachwavelet.

(a) Mexicanhat� = 0:00

Skewness Kurtosis
(a2 = 1000) (a6 = 3000)

N� � 3:38 3:12
Ndev 28maps 47maps
� 97.2% 95.3%

(b) Mexicanhat� = 0:95

Skewness Kurtosis
(a3 = 1500;  = 72� ) (a10 = 5000;  = 108� )

N� � 4:10 3:01
Ndev 39maps 199maps
� 96.1% 80.1%

(c) RealMorlet k = (10; 0)T

Skewness Kurtosis
(a11 = 5500;  = 72� ) (a11 = 5500;  = 72� )

N� � 5:61 2:66
Ndev 17maps 642maps
� 98.3% 35.8%

removed from thecalculationof skewnessandkurtosisteststatis-
tics. Thenon-Gaussiandetectionsaresubstantiallyreducedfor all
of thesix mostsigni®cantteststatisticsconsideredin Figure7. For
thestatisticsconsideredin Figure7 (c), (d) and(e) thedetectionof
non-Gaussianityis completelyeliminated.For theremainingcases
consideredin Figure7 (a), (b) and(f) non-Gaussiandetectionsare
reducedin signi®canceand lie betweenthe 95% and99% con®-
dencelevels.

Thus,the localiseddeviation regionsidenti®eddo indeedap-
pearto bethesourceof detectednon-Gaussianity. Moreover, those
detectedregions shown in Figure 9 (a), (c) and (e) appearto
introduceskewnessinto the WMAP map,whereasthosedetected
regionsshown in Figure9 (b) and(d) appearto introducekurtosis.

Cruzet al. (2004),in acontinuationof theworkof Vielvaet al.
(2003),considerlocalisedregionsin moredetailand®nd thelarge
cold spot at (b = � 57� ; l = 209� ) to be the main sourceof non-
Gaussianitydetectedby thesymmetricMexican hatwaveletanal-
ysis. A similar analysismay be performedusingthe waveletswe
considerand the associatedlocalisedregions,althoughwe leave
this for a furtherwork.

4.4 Preliminary noiseanalysis

Naturally, onemay wish to considerpossiblesourcesof the non-
Gaussianitydetected.Webrie�y considerthedeviation regionsde-
tectedto seeif they correspondto regions on the sky that have

(a) Mexicanhat� = 0:00

(b) Mexicanhat� = 0:95

(c) RealMorlet k = (10; 0)T

Figure 8. Histogramsof normalised� 2 teststatisticsobtainedfrom 1000
Monte Carlo simulations.The normalised� 2 value obtainedfrom the
WMAP mapis indicatedby the blue vertical line (similar resultsareob-
tainedusingtheTegmarkmap).Thenumberof simulatedmapsthatexhibit
a greateror equivalent � 2 valuethanthe WMAP mapis quoted(Ne), ac-
companiedby thecorrespondingsigni�cancelevel (SL).

highernoisedispersionthantypical.Weleavetheanalysisof resid-
ual foregroundsor furthersystematics,or whetherthefeaturesde-
tecteddo indeedexist in theCMB, for a furtherwork.

Thenoisedispersionmapfor eachWMAP bandis combined,
accordingto
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(a) Mexicanhat� = 0:00;a2 = 1000

(b) Mexicanhat� = 0:00;a6 = 3000

(c) Mexicanhat� = 0:95;a3 = 1500;  = 72�

(d) Mexicanhat� = 0:95;a10 = 5000;  = 108�

(e) RealMorlet k = (10; 0)T ; a11 = 5500;  = 72�

Figure9.Sphericalwaveletcoe� cientmaps(left) andthresholdedmaps(right).To localisemostlikely deviationsfrom Gaussianityonthesky, thecoe� cient
mapsexhibiting strongnon-Gaussianityarethresholdedsothatonly thosecoe� cientsabove3� (in absolutevalue)areshown. Dueto theapparentsimilarity
of theWMAP teamandTegmarkmaps,only coe� cientsfor theanalysisof theWMAP mapareshown above.

� (! ) =

vut P 10
r=3 wr

2(! ) � r
2(! )

hP 10
r=3 wr (! )

i 2
; (16)

to producea singlenoisedispersionsky mapfor theWMAP map,
andequivalently for the Gaussianrealisedmaps.A histogramof
this map,anda Kp0 masked versionof the map,is illustratedin
Figure 10 to investigatethe noisedispersiondistribution for the
WMAP observingstrategy. Also plottedis themeannoisedisper-
sion level in the detecteddeviation regions for eachthresholded
coe� cientmapof Figure9. All meannoisedispersionlevelsof de-
viation regionslie within thecentralregion of thefull noisedistri-
bution.Furthermore,full noisedispersionhistogramsfor thedevia-

tion regionswerealsoproducedto ensureoutliersdid notexist. No
outlierswereobserved in any deviation regions.Theseadditional
®ve plotsarenot shown to avoid clutterandsinceno pertinentad-
ditional ®ndingsmaybedrawn from them.It is thereforeapparent
that the deviation regions detecteddo not correspondto regions
with greaternoisedispersionthantypical.

5 CONCLUSIONS

A directional sphericalwavelet analysis,facilitated by our fast
CSWT,hasbeenappliedto theWMAP 1-yeardatato probefor de-
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Table 3. Normalisedcross-correlationof thresholdedsphericalwaveletco-
e� cient mapsindicating the similarity betweenthe localisedmost likely
deviationsfrom Gaussianitȳ aggedby themostsigni�cant skewnessand
kurtosis observations for eachwavelet. Notice that the regions detected
from the skewness¯aggedmapsof the symmetricandelliptical Mexican
hatwaveletsaremoderatelycorrelated,while theregionsdetectedfrom the
kurtosis¯aggedmapsof thesymmetricandelliptical Mexicanhatwavelets
arestronglycorrelated.Theregions¯aggedby therealMorlet waveletanal-
ysisarenot correlatedwith any of theotherregionsdetectedby a Mexican
hatwavelet analysis,asexpectedsincea di� erentwavelet thatprobesdif-
ferent structureis applied.(Note that the letteredkey correspondsto the
thresholdedcoe� cientmapscontainedin thepanelsof Figure9.)

Thresholdedcoe� cientmap (a) (b) (c) (d) (e)

(a) Mexicanhat� = 0:00 1.00 0.00 0.46 0.00 0.00
a2 = 1000

(b) Mexicanhat� = 0:00 - 1.00 0.04 0.70 0.00
a6 = 3000

(c) Mexicanhat� = 0:95 - - 1.00 0.05 0.01
a3 = 1500;  = 72�

(d) Mexicanhat� = 0:95 - - - 1.00 0.00
a10 = 5000;  = 108�

(e) RealMorlet k = (10; 0)T - - - - 1.00
a11 = 5500;  = 72�

Figure10.WMAP sky noisedispersionhistogram,with themeannoisedis-
persionlevel obtainedin detecteddeviation regionsalsoshown. Thesolid
histogramshown correspondsto thefull sky noisedispersionmap,whereas
thedottedhistogramcorrespondsto theKp0 maskednoisedispersionmap.
The dashedvertical lines indicatethe meannoisedispersionlevel in the
detecteddeviation regionsillustratedin Figure9. Noneof thedetectedde-
viation regionscorrespondto noiseof higherdispersionthantypical. The
letteredkey correspondsto the thresholdedcoe� cient mapscontainedin
the panelsof Figure 9: (a) Mexican hat � = 0:00, a2 = 1000; (b) Mex-
ican hat � = 0:00, a6 = 3000; (c) Mexican hat � = 0:95, a3 = 1500,
 = 72� ; (d) Mexicanhat� = 0:95, a10 = 5000,  = 108� ; (e) RealMorlet
k = (10; 0)T , a11 = 5500,  = 72� .

viationsfrom Gaussianity. Directionalsphericalwaveletsallow one
to probeorientatedstructureinherentin thedata.Non-Gaussianity
has beendetectedby a numberof test statisticsfor a rangeof
wavelets.

We have reproducedthe results obtainedby Vielva et al.
(2003)usingthesymmetricMexicanhat� = 0:00wavelet,thereby
con®rmingtheir®ndings,whilst alsoproviding aconsistency check
for ouranalysis.Deviationsin theskewnessandkurtosisof wavelet
coe� cients on scalea2 = 1000 and a6 = 3000 were detected,

althoughusing our more conservative test we make thesedetec-
tions at the 97.2%and 95.3%overall signi®cancelevels respec-
tively (lower than the 99.9%signi®cancelevel quotedby Vielva
etal. (2003)for their kurtosisdetection).

Similar detectionsof non-Gaussianitywere madeusing the
elliptical Mexicanhat� = 0:95wavelet,althoughonslightly larger
scales.In particular, a deviation from Gaussianitywasdetectedin
theskewnessof theMexican hat � = 0:95 wavelet coe� cientson
scalea3 = 1500 andorientation = 72� at the96.1%signi®cance
level. Although a detectionwas observed in the kurtosisoutside
of the99%con®denceregion on scalea10 = 5000 andorientation
 = 108� , the full statisticalanalysisof Monte Carlo simulations
gavea signi®canceof only 80.1%for this detection.

The most interestingresult, however, is the deviation from
Gaussianityobservedin therealMorlet waveletskewnessmeasure-
menton scalea11 = 5500 andorientation = 72� . This wavelet
scalecorrespondsto ane� ective sizeon thesky of � 26� (� 3� for
theinternalstructureof therealMorlet wavelet),or equivalentlya
sphericalharmonicscaleof ` � 7 (` � 63).Thedetectiondeviates
from themeanof 1000GaussianMonteCarlosimulationsby 5:61
standarddeviationsfor theWMAP mapandby 6:42standarddevi-
ationsfor theTegmarkmap.Only 17 of 1000Gaussiansimulated
mapsexhibitedadeviationthislargein anyrealMorlet teststatistic,
hencethedetectionis conservatively madeat98.3%signi®cance.

Signi®cancelevelswerealsocalculatedfrom � 2 testsfor each
sphericalwavelet.This approachavoids the posteriorselectionof
particularstatistics,but ratherconsidersthesetof teststatisticsin
aggregate.By consideringthe joint distribution of teststatisticsin
thismannertheanalysisresultsmaybedilutedby includingalarge
numberof lesspowerful teststatistics.Deviationsfrom Gaussianity
at signi®cancelevels of 99.9%and 99.3%were found using the
symmetricMexicanhatandrealMorletwaveletrespectively. In this
casethe directionalrealMorlet analysisis moreseverely a� ected
by a larger numberof lessuseful teststatistics,neverthelessboth
deviationsfrom Gaussianityaremadeatveryhighsigni®cance.We
quotetheoverallsigni®canceof our®ndings,however, at thelower
signi®cancelevelsfoundusingthepreviousmostconservative test.

Deviations from Gaussianitycorrespondingto the mostsig-
ni®cant detectionsfor each wavelet were localisedon the sky.
By removing thecoe� cientscorrespondingto theseregionsfrom
theinitial analysis,all signi®cantnon-Gaussianitydetectionswere
eliminated. These localised regions thereforeappearto be the
sourceof detectednon-Gaussianity. Moreover, thoseregions that
introduceskewnessin the WMAP mapmay be localised,asmay
thoseregionsthatintroducekurtosis.Preliminarynoiseanalysisin-
dicatesthat thesedetecteddeviation regionsdo not correspondto
regionsthathavehighernoisedispersionthantypical.Furtheranal-
ysisis required,however, to ascertainwhethertheseregionscorre-
spondto the localisedintroductionof secondarynon-Gaussianity
or systematics,or whetherin fact thenon-Gaussianitydetectedin
theWMAP 1-yeardatais dueto intrinsicprimordial�uctuationsin
theCMB.

An interesting®rststepin deducingwhetherthenon-Gaussian
signaldiscoveredis of cosmologicalorigin would beto repeatour
analysison the 4-year COBE-DMR data.Although it has been
shown that thesedata contain somesystematice� ects that lead
to non-Gaussianity(Magueijo& Medeiros2004), it is likely that
thesesystematicsarenotsharedby WMAP. Providedthemostsig-
ni®cantdetectionin the WMAP datais predominantlydueto the
global structureof the real Morlet wavelet at an angularscaleof
� 26� , the angularresolutionof the COBE-DMR datashouldbe
su� cientto observe it if it is astrophysicalin origin. Clearly, it will
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alsobeof greatinterestto investigatewhetherthenon-Gaussianity
detectionsreportedherearestill presentin the2-yearWMAP data.
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L., 2003,ApJ,609,22
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APPENDIX A: A FAST DIRECTION AL CSWT

TheCSWTat a particularscaleis essentiallya sphericalconvolu-
tion; henceit is possibleto apply the fast sphericalconvolution
algorithm proposedby Wandelt& Górski (2001) to evaluatethe
wavelet transform.The harmonicrepresentationof the CSWT is
®rst presented,followed by a discretisationand fast implementa-
tion. Without lossof generalitywe considera singledilationonly.

A1 Harmonic formulation

Theredoesnotexist any ®nite pointseton thespherethatis invari-
ant underrotations(due to geometricalpropertiesof the sphere),
henceit is morenatural,and in fact moreaccuratefor numerical
purposes,to recasttheCSWTde®nedby (3) in harmonicspace.

Both the wavelet and signal are representedin terms of a
sphericalharmonicexpansion,de®nedfor an arbitrary function
f 2 L2(S2) by

f (! ) =
1X

`=0

X̀

m=� `

bf`mỲ m(! ) ; (A1)

wherethe sphericalharmoniccoe� cientsaregiven by the usual
projectionof thesignalontoeachsphericalharmonicbasisfunction
Ỳ m(! ),

bf`m =
Z

S2
f (! ) Ỳ m

� (! ) d� (! ) : (A2)

In practiceonerequiresthatatleastoneof thefunctions,usuallythe
wavelet,hasa ®nite bandlimit so thatnegligible power is present
in thosecoe� cientsaboveacertain`max. For all practicalpurposes,
theoutersummationof (A1) maythenbetruncatedto `max.

Substitutingthesphericalharmonicexpansionsof thewavelet
andsignalinto theCSWTof (3) andnotingtheorthogonalityof the
sphericalharmonics,yieldstheharmonicrepresentation

W(�; �;  ) =
`maxX

`=0

X̀

m=� `

X̀

m0=� `

h
D`

mm0(�; �;  ) b `m0

i �
bs̀ m: (A3)

TheadditionalsummationandD`
mm0 Wigner rotationmatricesthat

are introducedcharacterisethe rotation of a sphericalharmonic,
notingthatarotatedsphericalharmonicmaysimplyberepresented
by a sumof rotatedharmonicsof thesamè by (Inui etal. 1996)
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(R�;�; Ỳ m)(! ) =
lX

m0=� `

D`
mm0(�; �;  ) Ỳ m0(! ) : (A4)

TheWignerrotationmatricesmaybedecomposedas

D`
mm0(�; �;  ) = e� im� d`

mm0(� ) e� im0 ; (A5)

wherethe realpolard-matrix is de®nedby, for example,Brink &
Satchler(1993).Therelationshipshown in (A5) is exploitedby fac-
toring therotationR�;�; into two separaterotations,bothof which
only containa constant� �=2 polarrotation:

R�;�; = R� � �=2; � �=2; � R0; �=2;  +�=2 : (A6)

By factoringthe rotationin this mannerandapplyingthe decom-
positiondescribedby (A5), (A3) canbewrittenas

W(�; �;  ) =
`maxX

`=0

X̀

m=� `

X̀

m0=� `

min(mmax;`)X

m00=� min(mmax;`)

d`
m0m(�=2) d`

m0m00(�=2)

� b `m00
� bs̀ m ei[m(� � �=2)+m0� +m00( +�=2)] ; (A7)

wherethesymmetryrelationshipd`
mm0(� � ) = d`

m0m(� ) hasbeenap-
plied. In many casesit is likely that the wavelet will have mini-
mal azimuthalstructurecomparedto the signalunderanalysis,in
which caseit mayalsohave a lower e� ective azimuthalbandlimit
mmax � `max.

The harmonicformulationpresentedreplacesthe continuous
integralof (3) by®nitesummations,althoughevaluatingthesesum-
mationsdirectlywouldbenomoree� cientthatapproximatingthe
initial integralusingsimplequadrature.Rotationsareelegantlyrep-
resentedin harmonicspace,however, and the approximationand
interpolationrequiredin any real spacediscretisationis avoided.
Moreover, (A7) is representedin sucha way that the presenceof
complex exponentialsmaybeexploitedsuchthatfastFouriertrans-
forms(FFTs)maybeappliedto evaluaterapidly thethreesumma-
tionssimultaneously.

A2 Fast implementation

Azimuthalrotationsmaybeappliedwith far lesscomputationalex-
pensethanpolarrotationssincethey appearwithin complex expo-
nentialsin (A7). Althoughthed-matricescanbeevaluatedreason-
ablyquickly andreliablyusingrecursionformulae(e.g.thosegiven
by Risbo1996),the basisfor the fast implementationis to avoid
thesepolar rotationsasmuchaspossibleanduseFFTs to evalu-
aterapidlyall of theazimuthalrotationssimultaneously. This is the
motivationfor factoringtherotationby (A6) sothatall Eulerangles
occurasazimuthalrotations.

Thediscretisationof eachEuleranglemayin generalbearbi-
trary.However, to exploit standardFFTroutinesuniformsampling
is adopted.The uniformly sampledsphericalwavelet coe� cient
samplesarede®nedby7

Wn� ;n� ;n = W
 
2� n�

N�
;
2� n�

N�
;
2� n

N

!
: (A8)

Discretising(A7) in thismannerandperforminga little algebrawe
mayrecastit in a form amenableto fastFouriertechniques:

Wn� ;n� ;n = e� i2� (n� `max=N� +n� `max=N� +n mmax=N )

7 Whilst � and bothcover therange0 to 2� , evaluating� over thesame
rangeis redundant,covering the SO(3) manifold exactly twice. Nonethe-
less,theuseof thefastFFT-basedalgorithmrequiresthis range.

�
N� � 1X

j=0

N� � 1X

j0=0

N � 1X

j00=0

t j; j0; j00 ei2� ( jn� =N� + j0n� =N� + j00n =N ) ; (A9)

wherethesecondline is simply the unnormalised3D inversedis-
creteFouriertransform(DFT) of

tm+`max;m0+`max;m00+mmax = ei(m00� m)�=2

�
`maxX

`=max(jmj;jm0j;jm00j)

d`
m0m(�=2) d`

m0m00(�=2) b `m00
� bs̀ m ; (A10)

where the shifted indices show the conversion between the
harmonic and Fourier conventions. The number of samples
for each Euler angle is N� = 2`max + 1, N� = 2`max + 1 and
N = 2mmax + 1, enforcedby uniform samplingand the standard
Fourierrelationship.

The CSWT may be performedvery rapidly in sphericalhar-
monic spaceby constructingthe t-matrix of (A10) from spher-
ical harmoniccoe� cientsandprecomputedd-matrices,followed
by theapplicationof a FFT to evaluaterapidly all threeEuler an-
glesof thediscretisedCSWTsimultaneously, beforeapplyinga ®-
nal modulatingcomplex exponentialfactor. Memory andcompu-
tational requirementsmay be reducedby a further factor of two
for realsignalsby exploiting theconjugatesymmetryrelationship
t� m;� m0;� m00 = t�m;m0;m00.

The computationalcost of the fast CSWT is dominatedby
the calculationof the t-matrix, which is of order O(` 3

maxmmax).
A direct quadratureapproximationof the CSWT integral is of
order O(N�

2N�
2N ). The harmonicand real spacesize parame-

ters are of the sameorder, that is O(`max) � O(N� ) � O(N� ) and
O(mmax) � O(N ), hencethe fast algorithm provides a saving of
O(`max). We give a more detailedcomparisonof the complexity
of variousCSWT implementationsandtypical executiontimesin
McEwenet al. (2004).
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